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Chair: Huei Peng 
 Unmanned ground vehicles continue to increase in importance for many 
industries, from planetary exploration to military defense.  These vehicles require 
significantly fewer resources compared to manned vehicles while reducing risks to 
human life.  Terramechanics can aid in the design and operation of small vehicles to help 
ensure they do not become immobilized due to limited traction or energy depletion.  In 
this dissertation methods to improve terramechanics modeling for vehicle design and 
control of small unmanned ground vehicles (SUGVs) on granular soil are studied.  
Various techniques are developed to improve the computational speed and modeling 
capability for two terramechanics methods.  In addition, a new terramechanics method is 
developed that incorporates both computational efficiency and modeling capability. 
 First, two techniques for improving the computation performance of the semi-
empirical Bekker terramechanics method are developed.  The first technique stores 
Bekker calculations offline in lookup tables.  The second technique approximates the 
stress distributions along the wheel-soil interface.  These techniques drastically improve 
computation speed but do not address its empirical nature or assumption of steady-state 
operation. 
 Next, the discrete element method (DEM) is modified and tuned to match soil test 
data, evaluated against the Bekker method, and used to determine the influence of rough 
terrain on SUGV performance.  A velocity-dependent rolling resistance term is developed 
xiii 
 
that reduced DEM simulation error for soil tests.  DEM simulation shows that surface 
roughness can potentially have a significant impact on SUGV performance.  DEM has 
many advantages compared to the Bekker method, including better locomotion 
prediction, however large computation costs limit its applicability for design and control. 
 Finally, a surrogate DEM model (S-DEM) is developed to maintain the simulation 
accuracy and capabilities of DEM with reduced computation costs.  This marks one of 
the first surrogate models developed for DEM, and the first known model developed for 
terramechanics.  S-DEM stores wheel-soil interaction forces and soil velocities extracted 
from DEM simulations.  S-DEM reproduces drawbar pull and driving torque for wheel 
locomotion on flat and rough terrain, though wheel sinkage error can be significant.  
Computational costs are reduced by three orders of magnitude, bringing the benefits of 






 In the middle of the twentieth century researchers began developing the field of 
terramechanics, the study of the interaction between running gear and terrain, which led 
designers beyond empirical design methods and brought about greater insight and 
advances to off-road vehicle capabilities.  Much of the research focused on large, heavy 
military vehicles used off-road in the wars of the twentieth century.  The rise of small 
unmanned ground vehicles (SUGVs), with their increased autonomy, reduced size, and 
reduced mass, requires new examination of the interaction between vehicle and terrain 
and the techniques used to model this interaction.   
 Small unmanned ground vehicles play an important role in many industries, from 
planetary exploration to military defense.  The NASA rovers Spirit and Opportunity have 
provided useful information about Mars for years, while requiring significantly fewer 
resources compared to a manned mission.  The United States military has used thousands 
of teleoperated SUGVs, reducing the risk to human life while performing important tasks 
such as explosive disposal.  The usefulness of SUGVs will only increase as advances 
continue to be made in fields such as computer vision and artificial intelligence.   
 Whether a SUGV is used to explore foreign planets or to assist a soldier, the 
vehicle must not fail.  Terramechanics modeling used during the design process can help 
prevent failures resulting from limited mobility, whether as a result of immobilization 
while traversing difficult terrain or from energy depletion.  When the NASA rover Spirit 
was traversing weak Martian soil, large sinkage developed leading to immobilization.  
SUGVs cannot afford to become immobilized; there may not be a human nearby to 
provide assistance.  Meeting range requirements is particularly difficult for SUGVs due 
to the use of batteries for their main power source, which have significantly lower power 
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and energy densities compared to petroleum fuels [1].  In response to the success of 
SUGVs they are being asked to function longer and perform more tasks, further straining 
their power resources [2].  Recent research has questioned whether traditional 
terramechanics methods developed for large, heavy vehicle can accurately predict SUGV 
performance [3] [4].  Furthermore, soils are generally weaker in the near-surface and 
traction for lighter/smaller vehicles is more dependent on the soil behavior to a smaller 
depth.  In addition, soil surface roughness may have a significantly greater impact on 
SUGV performance compared to heavy military vehicles as a result of their scale, being 
one to three orders of magnitude smaller on average.  Even recently the military is 
developing methods to represent the performance of these vehicles in Army models and 
simulations which were developed for larger manned vehicles [5].  It is important to use 
the most accurate terramechanics modeling methods available during the design process 
to ensure operational requirements are met.   
 After the vehicle’s mobility has been optimized, higher level control, navigation, 
and localization functionality can be developed to maximize its capabilities and 
efficiency during operation.  High fidelity simulation that includes sensor models can be 
used to evaluate the control systems, such as path planning and navigation [6].  The 
design stage should include as much modeling fidelity as possible to best gauge 
performance, however computation speed is crucial for online control systems.  High 
level control, such as traction control and navigation, can be further improved by 
incorporating terramechanics modeling.  Path planning, for instance, can be improved by 
estimating the energy required for each possible course.  Online implementation requires 
terramechanics modeling methods with fast computation speeds and minimal 
computation resource requirements.  Nevertheless, computation accuracy is still 
important to reduce the likelihood of immobilization.  The development of 
terramechanics methods which have high fidelity and low computation costs is a 




 Off-road locomotion performance is heavily dependent upon the interaction 
between running gear and soil.  This interaction is largely responsible for the vehicle’s 
energy efficiency and mobility.  While the percentage of power used by locomotion can 
vary based on many factors such as vehicle type and mission objectives, vehicle-terrain 
interaction can easily be the largest consumer.  The amount of energy consumed during 
locomotion is a function of the thrust and resistance forces produced at the interface.  If 
the vehicle cannot produce enough thrust to overcome the resistance then the vehicle may 
become immobilized.  Unlike road vehicles where thrust is largely a function of wheel 
state, off-road vehicle performance must also consider the soil state.  The field of 
terramechanics studies the interaction between machine and terrain, whether the machine 
is a vehicle or working machinery, such as earthmoving equipment.  Terramechanics 
allows engineers to improve off-road vehicle performance through the use of scientific 
methods, not intuition or trial-and-error. 
1.2.1 Terramechanics Modeling 
 Early improvements in wheeled travel came largely through experimentation, 
including the use of paved roads beginning in the ancient Roman Empire.  Even as late as 
World War I the development and advancement of tracked vehicles occurred not through 
an understanding of soil mechanics, but through increased empirical knowledge resulting 
from repeated failure.  Designers learned through costly failures in France to increase 
vehicle track width by 35%, rather than through knowledge of soil bearing capacity [7].  
Improvements to wheeled locomotion continued to be based largely on empirical 
knowledge gained through trial and error until Terzaghi introduced the principles of soil 
mechanics in 1920 [7].  After World War I researchers began to look scientifically at the 
problem of wheel/track-soil interaction, considering important phenomena such as 
movement resistance and sinkage [7].  Still, improvements to off-road vehicles were 
largely the result of transference of technology and engineering from other fields, 
including passenger vehicles, rather than through an improved understanding of wheel-
soil interaction mechanics.  The field of terramechanics began to emerge as a result of the 
interest in land locomotion mechanics generated by the pioneering work of Dr. M.G. 
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Bekker [8].  His books Theory of Land Locomotion [7], Off-the-Road Locomotion [9], 
and Introduction to Terrain-Vehicle Systems [10] published in 1950, 1960, and 1969, 
respectively, are still frequently cited. 
 Many techniques for analyzing wheel-terrain interaction have been developed and 
improved upon.  Even Dr. Bekker in his first 1956 text used multiple modeling 
techniques to describe the interaction.  Techniques today include purely empirical 
methods, purely theoretical methods, purely numerical methods, and combinations of 
each of these.  No method is ideal for all circumstances, and research continues on each 
method.   
 Empirical methods are perhaps the oldest type of terramechanics model.  
Empirical models are developed by first gathering experimental test data from a vehicle 
or single wheel for specific operating conditions.  Correlations between the measured 
results and the vehicle, wheel, and operating conditions are then developed.  Empirical 
methods can predict performance, but often cannot explain the physical phenomena 
behind the terramechanics.  One of the best known empirical methods for predicting and 
evaluating wheeled vehicle performance was developed in the 1960s by the US Army 
Corps of Engineers Waterways Experiment Station (WES), which formed the basis for 
the NATO Reference Mobility Model (NRMM) [8].  Empirical models require extensive 
testing in order to develop accurate correlations.  As an example, the performance of a 
tractor during plowing was measured in 14 different fields to develop empirical equations 
for tractor performance[11].  The impact of multiple military vehicle passes on terrain 
disturbance was evaluated experimentally to determine empirical model coefficients, as 
another example [12].  The empirical Pacejka “magic formula” developed for road wheel 
has even been applied for off-road farm tractor force prediction [13].  Empirical models 
can be useful for accurate, rapid evaluation of the performance of wheels (or wheeled 
vehicles) for the specific operating conditions used during model development.  The 
specificity of empirical models is perhaps both its biggest strength and biggest weakness.  
By limiting the model’s scope, empirical methods can be highly accurate.  However, such 
a model cannot be safely extrapolated outside of the conditions upon which it was based.  
The simplicity of empirical models results in short computation requirements, which can 
be useful for both vehicle design and online control.  However, the limited scope of 
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empirical models limits their role in prediction of wheel performance under new 
operating conditions.  Finally, the time and cost of performing the experimental testing 
required for all wheel/soil/operating condition combinations can be prohibitively 
expensive and time consuming. 
 At the other end of the spectrum are purely theoretical methods for 
terramechanics modeling.  The following is a discussion of highly idealized elastic-
plastic models, although more advanced nonlinear models exist.  For loads which do not 
cause failure, classical theory of elasticity can be applied.  As the stress on the soil 
increases, the strain increases linearly.  Once the stress is released, the soil returns to its 
original state.  The stress within the soil for a certain type of loading (e.g. circular loading 
for wheels or uniform strip loading for tracks [7]) can be calculated by solving partial 
differential equations with known boundary conditions.  However, sometimes loads are 
large enough to cause soil failure.  When this happens, the linear relationship between 
stress and strain breaks down, and a rapid increase in strain can occur.  Under these 
conditions, plasticity theory must be applied.  The most widely used failure criterion is 
Mohr-Coulomb, which relates the maximum shear stress of a material to the normal 
stress on the surface and the material’s cohesion and internal shearing resistance [8].  
Forces can be calculated by integrating the normal and shear stresses over a defined 
contact area, such as the interface between a wheel and soil.  Given the complexity of 
vehicle-terrain interaction, many simplifications and assumptions are necessary to solve 
for reaction forces using purely theoretical methods [14].   
 In order to overcome the deficiencies of theoretical methods, researchers began 
combining theoretical and experimental work.  One such work, pioneered by M.B. 
Bekker, is described as “semi-empirical” and will be referred to as the Bekker method, to 
differentiate it from other semi-empirical methods.  Although uncommon, other semi-
empirical methods have been developed, including one developed by using system 
identification techniques to infer mathematical models for wheel-soil interaction from 
experimental data [15].  The Bekker method incorporates some elements of the 
theoretical method, such as the Mohr-Coulomb criterion for shear stress, along with 
relationships derived empirically through experimentation.  In the case of wheel-soil 
interaction the Bekker method describes the distribution of normal and shear stress along 
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the wheel-soil interface, dependent on wheel properties (e.g. wheel radius) and state (e.g. 
slip ratio).  The specifics of this method will be described in more depth in the next 
chapter.  The Bekker method has become the industry standard due to its relative ease of 
computation and its ability to fit experimental data through tuning.   
 The Bekker method was used in the 1960s during the development of the lunar 
rover wheels to motivate the development of a flexible wheel which could maximize the 
wheel-soil contact area, however wheel design was largely experimentally-based due to 
limitations in the available terramechanics modeling methods and the limitations in 
computation performance [16] [17].  Over time the Bekker method has been modified 
and expanded to add additional modeling features, such as the ability to model wheel lugs 
[18] [19] [20] [21], flexible wheels [22] [23] [24] [25], multipass effects [23] [24] [25], 
rate effects [26], and rough terrain with lateral motion [27] [28] [19] [23] [21] [29] [24].  
Many of these modifications either ignored fundamental assumptions of the underlying 
method, or require even more empirical coefficients which may be difficult to 
experimentally determine.  Terramechanics simulation plays a much greater role in the 
design of more recent vehicles, including the use of the Bekker method to design a future 
Mars rover [30] and a SUGV [31].  Additional design tools have been developed using 
the Bekker method [32] [33] due in part to its relatively fast computation speed, which is 
crucial when optimizing design parameters.  Nevertheless researchers have investigated 
ways to further increase computation speed by linearization of stress distributions, 
primarily for the purpose of online control [34] [35] [36] [37].  This technique was used 
to create a traction control algorithm which resulted in reduced power consumption and 
greater mobility [38].  Autonomous navigation operations, such as terrain classification 
and path following [39] [40] [41] [42] [43], can be improved by incorporating predicted 
mobility. 
 Empirical and semi-empirical methods, like the Bekker method, are limited in 
their application due to their reliance on experimental data and their modeling 
simplifications and assumptions.  The Bekker method contains parameter coefficients 
which can only be determined through wheel locomotion experiments, and generally 
assumes steady-state operation.  It is undesirable to need to perform new experimental 
wheel tests in order to develop an empirical model or to determine empirical parameter 
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coefficients.  Experimental facilities require significant resources, including lab space, 
soil preparation, personnel, and maintenance [44].  In addition, test repeatability can be 
difficult given the influence of parameters such as moisture content and initialization 
stress.  Recent experimental studies have examined the effect of lug spacing [45], tread 
pattern [46], pneumatic tire inflation pressure [47], and grouser length [18], to name a 
few.  While experimental tests are invaluable for simulation validation and design 
evaluation, simulations should be performed when possible. 
 Numerical methods, such as the Finite Element Method (FEM) and the Discrete 
Element Method (DEM), have been used for terramechanics modeling since the 1970s 
and continue to increase in popularity as computing resources improve [8].  Large-scale 
dynamic effects are the result of many small-scale interactions, whether modeled as a 
continuous medium in the case of FEM, or as many individual particles in the case of 
DEM.  Numerical methods are capable of modeling the complex interactions that can 
occur during soil interaction, including the soil dynamics of an irregular wheel traversing 
rough terrain, without the need to impose restrictive constraints or assumptions.  Traction 
predictions based on 3-dimensional surfaces have been shown to be more accurate 
compared to 2-dimensional predictions [48].  FEM has been used to model rigid and 
flexible wheel-soil interaction for longitudinal and lateral slip [49] [50] [51] [52] [53] 
[54].  Newer FEM techniques like the Coupled Eulerian-Lagrangian method are even 
capable of modeling large deformations [55] including those caused by grousers [56].  As 
SUGVs often travel on granular terrain, such as sand or lunar regolith, the ability to 
model individual particles and capture particle motion using DEM is a unique advantage.  
DEM has been used to model wheel digging/excavation [57] [58], wheel locomotion 
[59], and bulldozer blade soil interaction [60].  The capability for simulating additional 
tool-terrain interaction, such as an auger or a foot, has also been demonstrated [61].  The 
simulation capabilities of numerical methods allow more realistic simulation and analysis 
of wheel-terrain interaction which can be used for the benefit of vehicle design and 
control.  As an example, 2D DEM simulations, after experimental wheel locomotion 
validation, were performed to examine the influence of wheel normal load, grouser 
length, number of grousers, and gravitational force on wheel performance [62] [63]. 
8 
 
 Contrary to the previous example, numerical methods have not reached 
widespread popularity due to their high computation costs.  A performance analysis of 
FEM using the arbitrary Lagrangian-Eulerian formulation showed that a system of 4,000 
elements would require combined cpu performance of 80 GFLOPS, while a system of 
256,000 elements would require combined cpu performance of 20,398 GFLOPS [64].  
While computation capability continues to increase exponentially, current processor 
performance is roughly 20 GFLOPS per core.  Simulating wheel-terrain interaction over 
a meaningful distance with reasonable element resolution using FEM remains highly 
computationally intensive.  Computation performance is typically even worse for DEM.  
Some researchers have resorted to modeling the bottom layer of soil using FEM, with the 
top layer of soil modeled using DEM [65] [66] [67].  This technique attempts to retain the 
granular soil modeling capability of DEM but with reduced computation cost.  Numerical 
methods are impractical for use in vehicle control given the current available computation 
resources. 
1.2.2 Rough Surface Locomotion 
 SUGVs pose a new challenge to the terramechanics field given their small size.  
As a matter of scale, surface profiles which are considered “smooth” for large, heavy 
vehicles may become “rough” for small robots.  Rough terrain can cause vibrations 
through the vehicle-soil interface.  Both the amplitude and the frequency of these 
vibrations have been shown to influence the normal and shear forces developed at the 
interface [68] [69] [70] [71].  As a vehicle travels over rough soil not only is the terrain 
profile modified by the interaction, the vibrations generated by the interaction can change 
the physical properties of the soil itself [70] [71].   
 Previous studies on the impact of surface roughness have typically used a mass-
spring-damper approach to vehicle and soil modeling.  The influence of suspension 
parameters on vertical acceleration during rough surface locomotion was studied using a 
numerical quarter-vehicle model using Bekker-type pressure/sinkage relationships [72].  
The impact of vibration frequency on soil compaction was studied using linear and non-
linear rheology-based mass-spring damper models [73].  While these methods may be 
able to determine some statistical measure of the effect of roughness on vehicle-terrain 
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interaction over time, they cannot be relied upon to accurately model the locomotion of a 
vehicle over rough terrain.   
 A two-dimensional Finite Element Method study of a vehicle operating on an 
uneven terrain showed that dynamic wheel loads, resulting from vehicle pitch moments 
and vertical oscillation, and ground deformation are interdependent [50].  The interaction 
between vehicle and terrain is fundamentally three dimensional and dynamic.  A three-
dimensional application of this method could potentially help vehicle designers, however 
the computation requirement would likely exclude its application in online control.   
 Bekker type equations have been used to model three dimensional full vehicle 
dynamics simulations of off-road locomotion [74] [75] [21] [76] [77].  Several of these 
studies also included experimental validation when operating on flat terrain [77] [21].  
More ambitious studies modified the Bekker method further to simulate three-
dimensional vehicle motion over rough terrains [24] [19] [27] [78].  A physics-based 
three-dimensional simulator was created where the soil subsurface stress distribution was 
modeled primarily using Boussinesq’s equations for stress in a semi-infinite, 
homogeneous, isotropic, elastic medium subject to a vertical point load [79].  The 
primary weakness of these models is they rely upon equations that were developed for 
static or steady-state conditions.   
1.3 Research Objective and Scope 
 The focus of this dissertation is the development of terramechanics methods for 
SUGV design and control on granular terrain.  During vehicle design the modeling 
fidelity is critical for accurate mobility prediction, however during vehicle control the 
computation speed is critical in order to perform mobility calculations online as 
frequently as necessary.  Current terramechanics models require a tradeoff between 
fidelity and efficiency.  In general, empirical and semi-empirical methods are relatively 
efficient but limited due to their underlying assumptions while numerical methods have 
great modeling capabilities but are less proven and less efficient.  Ultimately, a single 
terramechanics model is desired that can provide a high level of fidelity and computation 
speed.   
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 The Bekker method, while relatively efficient, has several drawbacks which limit 
its use in online real-time control applications.  Inputs to the method include wheel 
sinkage and slip, while outputs include wheel forces and torques.  Only through iteration 
can the correct sinkage value be found for a given normal load.  Numerical integration 
must be performed each iteration, and the calculations must be performed for each wheel.  
These factors contribute to a computation cost that can be significant.  When used online 
for vehicle navigation, many calculations must be performed to predict vehicle mobility 
during path selection.  In addition, the vehicle must perform other calculations beyond 
terramechanics, such as terrain classification.  This dissertation presents two techniques 
which aim to significantly reduce computation cost, providing greater opportunity for the 
use of terramechanics during vehicle operation. 
 Ensuring the mobility of SUGVs during the design phase is crucial to their 
successful mission operation.  Given the relatively small size and mass of SUGVs 
compared to traditional military vehicles for which much of terramechanics methods 
were developed, additional design factors such as surface roughness should be 
investigated.  The assumptions and limitations of the Bekker method make it a poor 
choice for such an analysis.  The discrete element method provides modeling capabilities 
beyond those of the Bekker method, such as the ability to model soil dynamics, which 
make it a better choice.  In this dissertation DEM was used to evaluate the potential 
impacts of surface roughness on SUGV performance, and help determine whether surface 
roughness should be including during the SUGV design phase. 
 While DEM has great potential to improve terramechanics modeling fidelity, it is 
necessary to compare its computational accuracy with the more common Bekker method.  
While the Bekker method is frequently tuned to match experimental wheel test results, 
the real benefit of terramechanics is the ability to predict performance.  Both DEM and 
Bekker parameters were tuned according to soil tests and flat terrain wheel locomotion 
simulation results were compared with experimental data.  During DEM tuning, a 
modification was made to the rolling resistance term to improve simulation accuracy.  
This comparison uses steady-state performance over flat terrain, the optimal test case for 
the Bekker method.  Performance comparisons outside the original assumptions of the 
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Bekker method, such as locomotion on rough terrain, are expected to be more favorable 
for DEM.   
 Although techniques were developed to improve the computation speed of the 
Bekker method and to improve the fidelity of DEM, the ultimate goal is to obtain 
computation efficiency and modeling fidelity within one model.  DEM has already shown 
significant modeling capabilities for wheel-terrain interaction of granular soils and its 
modeling fidelity is likely to increase as new modeling techniques are developed.  
Current techniques to reduce computation cost include reducing Young’s modulus 
values, increasing particle size, or performing 2D simulations.  These techniques reduce 
model accuracy and capability, and do not produce significant computation gains to be 
competitive with semi-empirical methods.  This dissertation proposes a surrogate model 
to significantly reduce computation cost while retaining many of the desirable features of 
DEM, including the modeling of soil dynamics.   
1.4 Contributions 
 This research aims to improve terramechanics modeling for small wheeled 
vehicles operating in granular soil for the use in vehicle design and control.  Given the 
importance that wheel-terrain interaction has on mobility and efficiency, terramechanics 
models must be accurate.  If the wheel-terrain interaction is poorly modeled then the 
vehicle may operate at a lower efficiency or simply become immobilized.  During vehicle 
design these calculations must be performed numerous times, while during operation the 
vehicle controller must perform the calculations quickly.  The proposed improvements to 
terramechanics modeling address both the computation speed and the model accuracy 
required for design and control.  The main contributions of this dissertation are as 
follows: 
 Increase computation speed for Bekker-type terramechanics calculations 
 Two methods were developed to improve computation speed, a lookup table 
method and a quadratic approximation method.  The lookup table method performs all 
computations offline, requiring interpolation of a few tables during online use.  The 
quadratic approximation method results in a closed form solution with minimal error.   
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 Quantify the effects of rough terrain on SUGV locomotion 
 Discrete element method simulations were performed for a representative SUGV 
wheel operating on rough terrain with a sinusoidal profile.  The average drawbar pull 
decreased while driving torque increased, which shows that mobility and efficiency are 
reduced for SUGVs operating in rough granular terrains. 
 Directly compare prediction performance of DEM and Bekker methods 
 In order to determine whether the increased computation cost of DEM produces 
better results compared to the Bekker method, both methods were tuned to match soil 
tests and used to predict steady-state wheel locomotion performance.  Simulation results 
were compared with experimental results, which showed DEM to more accurately 
represent performance trends while producing lower error.  While the Bekker method can 
easily be tuned to match wheel performance results, DEM was shown to better predict 
wheel performance. 
 Develop an improved rolling resistance model for DEM using spherical particles 
 During DEM parameter tuning it was discovered that a modification was 
necessary to match both pressure-sinkage and direct shear experimental results 
simultaneously.  DEM simulations of pile formation in the literature showed that particle 
rolling resistance depended on the relative motion between particles [80].  Modifying the 
rolling resistance model to include a velocity dependent term allowed for spherical 
particle DEM to be tuned to fit both test types. 
 Develop a simulation technique to reproduce the capabilities of DEM with 
increased computation speed 
 While the discrete element method has many advantages compared to the Bekker 
method, including the ability to model rough terrain, its computation time limits its 
usefulness.  A surrogate DEM model was developed that reproduces DEM interaction 
behavior but at a significantly reduced cost.  The surrogate model was validated on flat 
and rough terrain, reproducing drawbar pull and driving torque well.  Further 
development is required to improve wheel sinkage accuracy.  This marks one of the first 




1.5 Outline of the Dissertation 
 The remainder of this dissertation organized as follows.  Chapter 2 reviews the 
Bekker method and presents two methods for increasing the computation speed of 
traditional Bekker method calculations.  Chapter 3 presents the work on modeling of 
rough terrain using the discrete element method, and its impacts on wheel-terrain 
mobility and efficiency.  Chapter 4 presents the parameter tuning of the discrete element 
and Bekker methods, and wheel locomotion prediction performance.  Chapter 5 presents 
the development and evaluation of the surrogate discrete element model.  Finally, 





Fast Computation Semi-Empirical Terramechanics Models 
 The Bekker model is the most commonly used method for performing 
terramechanics calculations; it can be very accurate while also computationally efficient 
compared to numerical methods.  Even with its comparative speed advantage, there are 
occasions in which the Bekker method is too slow to compute.  These occasions can 
occur in both vehicle design and vehicle control.  In both cases many terramechanics 
calculations must be performed quickly, especially in the case of online vehicle control.  
In response to this need two methods for increasing computation speed of the Bekker 
method, a lookup table method and a quadratic approximation method, were developed.  
First a detailed review of the Bekker method is given, followed by descriptions of the two 
new methods. 
2.1 Bekker Modeling Review 
 Bekker terramechanics modeling methods, named after the pioneering work of 
M.B. Bekker, define the force interaction between wheel and soil as a function of wheel 
and soil states.  The Bekker method simplifies wheel-soil interaction by modeling the 
wheel as a rigid cylinder traveling on smooth, flat soil.  The geometry of the wheel and 
soil during locomotion is depicted in Fig. 2.1.  In the figure, the wheel is moving at 
steady-state in the horizontal plane (constant linear velocities vx and vy) and rotating about 
the y-axis with angular velocity ω.  The Bekker method assumes that the wheel is 
significantly more rigid than the soil such that the wheel does not deform, but rather sinks 
into the soil.  In the figure hf defines how much the wheel initially compacts the soil in 
the z-axis, while hr defines how much the soil recovers in height following the wheel.  
The entry contact angle θf and the exit contact angle θr along the wheel surface are 
15 
 











































Slip anglevjl / jl
 
Figure 2.1 Wheel-soil contact geometry (cylindrical surface, positive wheel slip) [81] 
 As in the case of on-road driving, the wheel cannot produce thrust unless the 
wheel angular velocity is greater than the vehicle angular velocity (the quotient vx and 
wheel radius r).  This phenomenon is referred to as the wheel slip ratio, s, defined by: 
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  (2.2) 
Circumstances such as vehicle turning can result in lateral velocity along the y-axis.  
Wheel slip angle β, defines the ratio between longitudinal and lateral velocity: 
 ( )1tan y xv vβ −=   (2.3) 
 As the wheel travels, normal and shear stresses develop along the wheel-soil 
interface (from θf to θr).  The bevameter technique, developed by Bekker, can be used to 
characterize soil types and measure terrain properties used for soil stress models.  The 
bevameter technique consists of two parts: one is a set of plate penetration tests to 
characterize the normal stress-displacement relationship, the second is a set of shear tests 
to characterize the shear stress-displacement relationship.  A schematic of the 
characteristics of a bevameter is provided in Fig 2.2.  The bevameter technique can 
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perform tests in-situ using loads which are characteristic of vehicle operation, providing 
an advantage compared to traditional methods such as a triaxial compression test.  
Unfortunately the soil parameters determined by the bevameter technique can depend on 
the plate size, normal load, and penetration/shear rate during testing.   
 
Figure 2.2 Bevameter schematic [8] (originally printed in [10]) 
 The Bekker method determines the forces acting on the wheel through integration 
of the normal and shear stress along the wheel-soil interface.  Normal, tangential, and 
lateral stresses are distributed along the wheel interface as shown in Fig 2.3.  Through 
experimental testing, along with the bevameter technique, researchers developed 


































Figure 2.3 Normal and shear stress distributions along the wheel-soil interface [81] 
 Wong and Reece developed a formula for describing the normal pressure along 
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where b is the wheel width, and kc, kϕ, and n are constant soil properties corresponding to 
cohesive modulus, frictional modulus, and sinkage exponent.  The soil properties can be 
determined through the bevameter technique.  In the front contact region z(θ) corresponds 
to the soil sinkage along the wheel-soil interface.  For points along the wheel-soil 
interface where the angle is less than the point of maximum normal stress θm, an 
equivalent front region contact angle θe is used.  These variables, and an alternate 
formulation for the rear contact angle, can be defined as:  
 










θ θ θ θ θ θ θ θ
θ θ
θ θ
= − − − −
= + ⋅
= + ⋅
  (2.5) 
where the parameters a0,1 and b0,1 are soil dependent constants. 
 Functions for describing the shear stress along the interface are slightly more 
complex.  First, the tangential shear rate vjt, the lateral shear rate vjl, and the compression 
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The corresponding soil shear deformation in the tangential and lateral directions (jt and jl, 
respectively) can be determined by integrating the shear rates using a quasi-static 
approach: 
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The magnitude of the overall shear deformation is defined as: 
 ( ) ( ) ( )2 2t lj j jθ θ θ= +   (2.8) 
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It should be noted that the shear deformation formulas are shown only for the case of 
positive slip ratios.  The case corresponding to negative slip can be derived in a similar 
manner. 
 Unlike normal stress, the shear stress distribution along the interface depends 
greatly on the soil type.  Bevameter experiments have shown that different soils have 
varying shear stress-shear displacement curves, with example curves for three soil types 
shown in Fig. 2.4.   
 
Figure 2.4 Shear stress as a function of shear displacement for three soil types 
The magnitude of the overall shear stress along the wheel-soil interface can be described 
using one of the following formulas, depending on the soil type: 
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  (2.9) 
where K is the shear deformation parameter(a measure of the magnitude of the shear 
displacement required for the development of the maximum shear stress), Kr is the ratio 
of residual shear stress to maximum shear stress, and Kw equals the shear displacement at 
peak shear stress.  The maximum shear stress τmax is described using the Mohr-Coulomb 
















respectively.  The soil properties can be determined through the bevameter technique.  
The function for type A “plastic” soils, a modified version of Bekker’s equations [8], was 
proposed by Janosi and Hanamoto [83].  Examples of type A soils include certain types 
of sand, saturated clay, and fresh snow.  Wong proposed the function for type B soils 
[84], which include internal shearing of muskeg mat.  Wong also proposed a modified 
version of Oida’s equation [8] to describe type C soils [85], which include snow-covered 
terrains and certain types of loam. 
 Use of the Bekker method for lateral forces is a more recent development, and so 
the method for determining the tangential and lateral shear stress is not well established.  
Here an isotropic shear stress model is presented.  The direction of the shear stress at any 
point on the wheel-soil interface is always opposite the shearing velocity at that point, 
unlike the anisotropic shear stress approach given in ref. [21].  The isotropic shear stress 
assumption is analogous to track-soil interaction modeling during steering [86].  Using 
the isotropic model, the tangential and lateral shear stresses are given by: 
 ( ) ( ) ( ) ( ) ( ) ( )2 2 ,i ji jt jlv v v i t lτ θ τ θ θ θ θ= ⋅ + =   (2.10) 
 The functions for normal and shear stress shown above create stress distributions 
along the wheel-soil interface, as shown in Fig. 2.5.  The forces and torques exerted on 
the wheel can be determined by integrating the stress distributions.  Assuming a 
cylindrical surface, the forces and torques can be formulated as: 
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Figure 2.5 Distribution of normal and shear stresses along the wheel-soil contact area 
[81] 
2.2 Bekker Method Computation Limitations 
 The Bekker method described in Section 2.1 has two major shortcoming which 
limit its usefulness for vehicle design and control; the integrals for force and torque are 
not solvable analytically, and the equations are backward-looking (follow the reverse of 
the physical cause-effect relationship).  The typical method used for determining wheel 
forces is to iterate on the wheel contact angle.  For a given front contact angle θf, the 
Bekker equations are solved over a range of possible wheel slip ratio values.  If the 
difference between the calculated and desired normal load is below a given threshold 
then the process ends, otherwise a new front contact angle is chosen and the process 
repeats.  This method can require several iterations for convergence, and each function 
evaluation requires several numerical integrations.  Two methods were developed to help 
improve computational efficiency when calculating Bekker equations.  The first method 
uses lookup-tables to improve online efficiency.  The second method makes an 
approximation about the shape of the stress distributions along the wheel-soil interface, 
which results in a closed-form solution. 
2.3 Lookup Table Method 
 In both vehicle design and vehicle control solving recursively for wheel forces 
using the Bekker model can require too much time and waste computation resources.  For 
a specific wheel these computations can be performed offline for all reasonable operating 
conditions, and stored using lookup tables.  The improved computation speed can result 
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in real time computation of vehicle performance over a future terrain profile, which 
benefits both vehicle designers and vehicle control systems.   
 Before describing the method by which the lookup tables are created and used, the 
Bekker method described in Section 2.1 is modified to include the impact of repetitive 
loading on the soil normal stress relationship.  When considering vehicles with wheels in 
a tandem configuration (one wheel directly in front of another), the terrain does not 
completely recover after the front wheel compacts the ground.  When the rear wheel 
traverses the same region the ground will behave differently.  Figure 2.6 shows how 
repetitive normal loading can influence the relationship between soil pressure and wheel 
sinkage for a mineral terrain (e.g. sand, sandy loam, clayey loam, and loam) [8].   
 
Figure 2.6 Response to repetitive normal load on a mineral terrain [8] 
 When the wheel first contacts the soil, pressure and sinkage build until the wheel 
leaves the soil at unloading point A.  The soil does not fully “recover” to zero sinkage 
before a new load is applied at reloading point B.  The relationship between pressure and 
sinkage has been altered compared to undisturbed soil, with a different slope and sinkage 
at zero pressure.  Once the pressure reaches the initial unloading point A, the soil follows 
the original “virgin” pressure-sinkage relationship.  This process is repeated with points 
C and D.  The normal load during unloading and reloading is given by: 
 ( ) ( ) ( ) ( )( )( / ) nun re loading c u o u u uk b k z k A z z zφσ θ θ= + − + ⋅ −   (2.12) 
where ko and Au are soil constants and zu is the sinkage at unloading. 
 Another modification made to the Bekker method accounts for the changes in soil 
dynamics which occur during braking.  When braking, the location of the maximum 
normal stress along the wheel-soil interface may be different than during acceleration.  
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Wong [8] accounted for this change by altering the equation for maximum normal stress 
θm during negative slip: 
 1 1
2
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Figure 2.7 Flow chart for building wheel lookup tables [87] 
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 In order to build the wheel lookup tables, the modified Bekker equations must be 
solved for all possible circumstances.  New tables must be generated for all combinations 
of wheel parameters (e.g. wheel radius) and terrain types (e.g. dry sand).  The maximum 
entry contact angle θf, relating to the maximum wheel sinkage, must be limited to a 
realistic value.  Figure 2.7 charts the procedure for building wheel lookup tables, and 
shows the resulting output tables.  The procedure ensures that tables are built which cover 
the entire range of possible slip ratios, entry contact angles, and unloading sinkage 
values.   
 Example lookup tables are given in Figures 2.8 to 2.11 for a smooth wheel with 
radius 0.1m, width 0.1m, operating on loose air dried sand.  Bekker terrain properties for 
loose air dried sand [8] are given in Table 2.1. 
Table 2.1 Soil parameter values for loose air-dried sand [8] 
Parameter [unit] c [kPa] ϕ [rad] n [-] K [m] kc [kN/mn+1] kϕ [kN/mn+2] 
Value 0 0.478 0.91 0.005 -0.66 754.13 
       
Parameter [unit] a0 [-] a1 [-] b0 [-] b1 [-] ko [N/m3] Au [N/m4] 




























































Figure 2.9 Example wheel lookup tables: thrust force [87] 
 
Figure 2.10 Example wheel lookup tables: resistance force [87] 
 
Figure 2.11 Example wheel lookup table: unloading sinkage [87] 
 A graphical design tool was developed for small off-road SUGVs which used the 
lookup table method to reduce terramechanics computation time [87].  The design tool, 
termed the Off-Road Robot Design Tool (ORRDT) consists of three stages.  The first 
stage examines system feasibility based on total system mass.  The second stage allows 
the user to examine a performance measure, such as energy required, as a function of two 
vehicle parameters.  The third stage compares vehicle performance of a range of vehicle 
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vehicle design optimization and velocity profile optimization.  A screenshot of ORRDT 
performing design and velocity optimization is shown in Figure 2.12.  As implemented in 
Matlab, interpolation using the lookup table method resulted in a two orders of magnitude 
reduction in computation time compared to Bekker method calculations performed in C.  
 
Figure 2.12 ORRDT screenshot performing vehicle design and velocity optimization [87] 
2.4 Quadratic Approximation Method 
 The lookup-table method can drastically improve online computation time, but it 
has several limitations.  Perhaps the most important is that it does not reduce the time 
required for the Bekker calculations themselves.  Worse, the calculations must be made 
offline for the entire search space.  The principle time consumer in the Bekker equations 
is the integration of normal and shear stress along the wheel-soil interface, required to 
calculate force and torque.  The complexity of the stress distribution equations prevents a 
closed-form solution.  Iagnemma showed that a linearization of the stress distribution 
equations results in a closed-form solution [37], however errors could be large at times 
and model accuracy could not be guaranteed.  Stress distributions can be especially 
nonlinear for soils with low sinkage exponents, as shown in Fig 2.13.  A closed-form 
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solution with significantly reduced error using quadratic approximation of the stress 
distributions along the wheel-soil interface was developed in collaboration with 
Zhenzhong Jia, and is described below.  It should be noted that the method of modeling 
lugged wheels was the work of Zhenzhong Jia, and is presented here since it was used 
when evaluating the quadratic approximation method.  In addition, while the idea to use 
quadratic equations to approximate the stress distributions originated from the author, the 
majority of the work shown below was performed by Zhenzhong Jia. 
 
Figure 2.13 Stresses for a lugged wheel traveling on sandy loam, calculated using the 
original non-linear model, linear approximations, and quadratic approximations [77] 
2.4.1 Modeling of Lugged Wheels 
 The following describes a modification made to the Bekker model used by the 
quadratic approximation method.  In off-road applications, the domain in which 
terramechanics modeling is most important, wheels are often installed with grousers to 
improve traction performance.  The influence on wheeled performance of grousers, or 
lugs, has been observed in many field experiments [88] [89].  Figure 2.14 shows a typical 
lugged wheel where r is the radius of the concave region (wheel radius not including the 
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grouser), hg is the lug height, and µ is the area ratio of the grouser tip and the concave 
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Figure 2.14 Wheel with lugs on soft soil [77] 
 The addition of grousers can change the location of the entry contact angle, which 
is important for integrating stress along the wheel-soil interface.  If rs is the radius of the 
wheel including the lug height, then the entry contact angles of the grouser tip and the 
concave portion, θft and θfca, can be determined geometrically: 
 




cos 1 cos 1
cos
0
ft f s f g
s f f g
fca
h r h r h






= − = − +
 − >= 

  (2.14) 
 We assume that the normal stress along the wheel-soil interface is the average of 
the normal stresses at the lug tip portion and the concave portion [81].  We denote this 
average as the equivalent normal stress σe, which can be determined as: 
 ( ) ( ) ( ) ( )( )
1t ca r fca
e
t fca ft
µσ θ µ σ θ θ θ θ
σ θ
µσ θ θ θ θ
 + − ≤ ≤=  ≤ ≤
  (2.15) 
where σt and σca are the lug tip portion and concave portion normal stresses, respectively.   
 The magnitude, tangential, and lateral component of the equivalent shear stress 
are equivalent to those given by Equations (2.9) and (2.10), replacing normal and shear 
stresses σ and τ with equivalent normal and shear stresses σe and τe.  An equivalent entry 




 ( )1feq f ft fcaθ θ µθ µ θ= = + −   (2.16) 
Finally, we assume the effective exit angle of the lug tip portion equals that of the 
concave portion and can be calculated using Equation (2.1) or Equation (2.5). 
2.4.2 Quadratic Stress Approximation 
 Wheel force, given by Equation (2.11), relies on the distribution of normal and 
tangential stress along the wheel-soil interface.  The use of a quadratic approximation of 
the stresses along the interface allows for the creation of a closed-form analytical solution 
of the wheel forces and torque, previously prevented by the complexity of Bekker 
equations for stress.  The stresses along the interface are defined using two quadratic 
equations, one for the front region of contact and one for the rear, as seen in Fig. 2.13.  It 
is necessary to define the stress using two equations to reduce error since the stress is 
much greater at θm.  The quadratic form of the stresses can be derived as: 
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where the subscript i indicates the front or rear region, while the superscript p indicates 
the stress type.  The front medium angle θfm and the rear medium angle θrm are midway 
between the front (or rear) contact angles (θf and θr) and θm as shown in Figure 2.13.  
Substituting the quadratic approximation stresses into Equation (2.11) creates closed-
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  (2.19) 
2.4.3 Performance Evaluation and Comparison 
 Simulations were performed in order to evaluate the accuracy of the quadratic 
approximation method.  Soil, wheel, and additional parameters used in the simulations 
are provided in Table 2.2, Table 2.3, and Table 2.4 respectively.   
Table 2.2 Soil parameter values for select soils [37] 
Parameter [unit] c [kPa] ϕ [rad] n [-] K [m] kc [kN/mn+1] kϕ [kN/mn+2] 
Dry Sand 1.0 0.52 1.1 0.025 0.9 1,523.4 
Sandy Loam 1.7 0.51 0.7 0.025 5.3 1,515.0 




Table 2.3 Parameters for smooth wheel S and lugged wheel L 
Parameter [unit] b [m] r [m] hg [m] rs [m] µ [-] 
Smooth wheel S 0.075 0.080 0.0 0.080 0.0 
Lugged wheel L 0.075 0.080 0.005 0.085 0.1 
  
Table 2.4 Additional parameters used for linear/quadratic comparison 
Parameter [unit] s [-] β [°] θf [°] θm [°] θr [°] 
Lugged wheel L [0.1, 0.8] [0, 36] [20, 50] θf /2 0 
  
 In addition to the quadratic approximation method, a linear approximation method 
similar to reference [37] mentioned previously is provided for comparison.  The normal 
and shear stress distributions along the wheel-soil interface, shown previously in Fig 
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 Figure 2.15 shows the errors of the linear and quadratic approximation methods 
compared to the original nonlinear Bekker model for entry contact angle θf equal to 30°, 
with various slip ratios and slip angles.  The figure shows that the quadratic 
approximation method produces very small errors, less than about 2%.  By comparison 
the quadratic approximation method errors are an order of magnitude smaller than those 





Figure 2.15 Approximation errors at varying slip angles and slip ratios for a smooth 
wheel on sandy loam soil [77] 
 The mean value and standard deviation of the errors (shown in Figure 2.15) were 
evaluated over a range of entry contact angles and soil types.  These linear and quadratic 
approximation errors, calculated for both smooth and lugged wheels, are shown in Figure 
2.16.  The mean values of the approximation errors are given in the subplots.  The 
notations “S1” and “S2” represent the linear and quadratic approximations of the stresses 
for the smooth wheel S, respectively.  The notations “L1” and “L2” represent those of the 
lugged wheel L.  Again we see that modeling error is lower by an order of magnitude 
when using the quadratic approximation method by comparison to the linear method.   
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Figure 2.16 Approximation errors for smooth (S) and lugged (L) wheels using linear (1) 
and quadratic (2) approximation methods [77] 
 The quadratic approximation method has been shown to have small error 
compared with the original nonlinear Bekker method.  When both the quadratic and the 
nonlinear methods were written in ANSI C and compiled as a MEX file (used in Matlab) 
the quadratic method typically required 77 µs to solve, while the original nonlinear 
method required 43 ms (both computations performed on a 1.6 GHz laptop computer) 




 Two methods to reduce the computation cost of Bekker method calculations were 
developed: the lookup table method and the quadratic approximation method.  The 
lookup table method performs Bekker calculations offline, which are stored in lookup 
tables that can be interpolated as needed.  The method reduces computation costs by two 
orders of magnitude, has a consistent computation cost by not requiring iteration, and can 
handle modifications to the Bekker method such as multi-pass effects.  The lookup table 
method is poorly suited for online control applications due to the memory requirements 
imposed by the lookup tables, and due to the fixed nature of the lookup tables which are 
built for a specific set of soil parameters.  The quadratic approximation method 
approximates the normal and shear stress distributions using a set of quadratic equations, 
resulting in a closed-form analytical solution.  This method exhibits consistently low 
error with a reduction in computation costs of three orders of magnitude.  The quadratic 
approximation method is well suited to online control applications.  These methods 
address the computation limitations of the Bekker method and are beneficial for SUGV 
design and control, however they do not address the fundamental limitations of the 





Surface Roughness Modeling 
 One of the major differences between on-road and off-road locomotion is the 
level of roughness of the terrain.  Roads are generally smooth, which helps reduce 
passenger discomfort, tire wear, and road surface wear.  Unfortunately we cannot control 
the surface quality during off-road locomotion.  Research evidence showing the influence 
that rough terrain can have on vehicle performance was presented in Section 1.2.2, 
however the effect of roughness on SUGV performance has not been scientifically 
studied.  The drawbacks of purely theoretical and Bekker type simulation methods was 
detailed in Section 1.2.1, such as their limited ability to model a complex tread pattern, 
which make these methods poorly suited to study roughness effects.  Finite element 
methods generally have difficulty handling large displacements, such as those which 
occur during large wheel slip.  SUGVs frequently traverse granular soil, such as sand, 
which DEM is particularly well suited to model.  In the following chapter the discrete 
element method is explained in greater detail, and 3D DEM simulations of a SUGV 
wheel traversing rough terrain are performed to determine whether surface roughness 
should be considered during SUGV design.  In addition, DEM is validated by performing 
steady-state wheel locomotion simulations and dynamic wheel-digging simulations, and 
comparing to experimental test results from the literature.   
3.1 Discrete Element Method 
 The discrete element method (DEM) was initially developed in the late 1970s to 
provide an alternative to continuum methods for modeling granular (particulate) materials 
[8].  DEM represents materials, such as soil, as a collection of individual particles which 
generate forces and torques upon contact with other elements.  The motion of each 
element is determined by integrating its body forces at each simulation time step.  This 
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method inherently has advantages when simulating sand, a granular material.  Recently, 
researchers have used the discrete element method to model the interaction between a 
rover wheel and a dry granular soil (e.g. sand) in two dimensions [59] [90] [91] [62] [63] 
[92].  Simulations were validated by comparing with experimental time series data [59], 
wheel sinkage data [90], and locomotion performance at varying slope [62] [63].  Using 
DEM, researchers can perform studies which are difficult to conduct experimentally, 
such as examining the influence of gravitation force on motion resistance [92].  Wheel 
locomotion studies are typically performed in two dimensions in order to reduce the 
significant computation costs of DEM, which are largely a result of two factors: a large 
number of particles and a short time step.  Many small particles are required to model a 
material; collision detection must be performed on each particle to determine the 
resulting interaction forces.  Particle overlap must also be small relative to the size of 
each particle, requiring a short time step.  Many decisions regarding DEM modeling are 
made in an effort to limit simulation time and computation resources. 
 The particle shape used in DEM simulations has been shown to influence the 
accuracy of the simulation results.  Most soils are composed of irregularly shaped grains 
which are better represented in DEM by complex particle shapes rather than strictly 
spherical particles [93].  The advantage of spherical particles is they require significantly 
less computation time; collision detection and force directions are the simplest of any 
three dimensional shape.  Spherical particles are unable to interlock, while free to rotate 
in place without disturbing other soil particles.  Rolling resistance is typically 
incorporated to limit particle rotations and improve simulation accuracy.   
 The following is a description of the discrete element modeling methods later 
used for wheel-soil interaction simulations.  All particles were modeled as spheres using 
the software LIGGGHTS, a version of the software LAMMPS developed at the Sandia 
National Laboratories [94].  The coordinate frame used in all simulations is given by the 
z-axis in the vertical direction, x-axis in the direction of longitudinal motion, and the y-
axis aligned with the wheel axis of rotation. 
 The total forces acting between two particles and between one particle and a wall 
consist of the sum of two three-dimensional vector forces: Hertzian style friction forces 
FHertz [95] [96] [97] and cohesive forces Fcohesion [98].  These force interaction 
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relationships, as well as the torque relationship mentioned later, are shown in Figure 3.1.  
The Hertzian contact force-displacement relationship varies non-linearly with contact 
area, and is the sum of normal and tangential forces.  Forces normal to the contact plane 
(along the unit vector between particles) are described by 
 ( )i j
i j
R R
Hertz,n n ij eff n nR R k mδ δ γ+= −F n v   (3.1) 
where δ is the overlap length of the two particles, Ri/j is the radius of each particle, kn is 
the normal elastic spring constant, nij is the unit vector connecting the centers of each 
particle, γn is the normal viscoelastic damping constant, and vn is the normal component 
of the relative velocity of the two particles.  The variable meff is the effective mass of two 




M Mm +=   (3.2) 
 
Figure 3.1 DEM contact model for particle-particle force/torque interactions [99] (after 
[100]) 
 Forces tangential to the contact plane are described by 
 ( )i j
i jHertz,t t t eff t t
R R
R R k mδ γ+= +F Δs v   (3.3) 
where kt is the tangential elastic spring constant, Δst is the tangential displacement vector 
between the two particles for their entire contact duration, γt is the tangential viscoelastic 
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damping constant, and vt is the tangential component of the relative velocity of the two 
particles.  An upper limit exists for tangential forces through the Coulomb criterion given 
by 
 t n t c nif  then cµ µ> =F F F F   (3.4) 
where μc is the static yield coefficient. 
 A simplified Johnson-Kendall-Roberts model was used to provide cohesive forces 
between particles.  While two particles are in contact an additional normal forces acts to 
maintain particle contact, given by 
 ( ) ( ) ( ) ( )
cohesion c ij
2where 4
ij i j ij i j ij i j ij i j
ij
k A










  (3.5) 
where kc is the cohesion energy density (units J/m3), A is the contact area of the two 
particles, and dij is the distance between the center of the two particles. 
 The particles used in this study are all spherical with finite mass.  Particles are 
able to rotate given an applied torque, either as a result of the previously mentioned 
forces or as a result of rolling friction.  Using a constant directional torque model [101] a 
torque contribution Trolling can result from the relative angular velocity between two 
particles, given by 
 ( )i j i jij i j i jrolling r nproj R RR Rkµ −+ −= ω ωt ω ωT   (3.6) 
where projtij is the projection into the shear plane, μr is the rolling resistance coefficient, 
and ωi/j is the angular velocity of each particle. 
3.2 Simulation Preparation 
 Before a simulation can be performed it must first be prepared.  The software 
used to perform DEM simulations does not have commands to easily prepare a wheel-soil 
interaction simulation.  Everything in the simulation must be prepared by the user, from 
the simulation space to the initial location of each individual particle.  Even the creation 
of a wheel had to be specially coded.  Two of the more elaborate preparation steps, the 
soil packing and wheel generation, are described below. 
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3.2.1 Soil Packing 
 The soil consists of many particles, each with its own size, position, velocity, and 
orientation.  Before a wheel-soil interaction simulation can be performed, each soil 
particle must first be arranged and initialized.  The arrangement of soil particles, or soil 
packing, has been shown to have a significant impact on macroscopic soil behavior [102].  
The soil packing procedure used in this study was to pour soil particles under Earth 
gravity, which is perhaps the most common technique used in DEM simulations [58].  
Particles were first poured into a rectangular prism with 25 mm sides, until the depth of 
the packing was slightly larger than desired.  The height of the prism was determined by 
the desired packing depth, and periodic horizontal boundaries were used.  In real 
experiments the soil will undergo some compaction, which influences particle placement 
and internal stress held through cohesion.  Measured soil parameters have been shown to 
be effected by the compaction state and the mode of compaction [27].  After the soil 
particles had initially settled, a constant vertical pressure was applied to compress the 
packing.  After the particles had once again settled, the pressure was removed and the 
packing was allowed to relax.  An example soil block is shown in Figure 3.2. 
 
Figure 3.2 Example soil block after packing 
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 The 25 x 25 mm soil block was repeated as necessary to create the desired 
horizontal simulation dimensions.  By using periodic boundaries, the particles along one 
of the x-z boundaries perfectly align with the particles along the other x-z boundary.  The 
same is true for the y-z boundaries.  The technique of repeating a periodic block of 
particles to create a larger sample has been used before [58] [93].  The advantage of using 
this technique is a significant reduction in the amount of time required to build the soil 
bed for a simulation compared to building the entire soil bed through particle deposition.  
The surface profile of the soil was created by removing particles above the desired profile 
height.  Additionally, a constant soil depth was maintained by removing particles below a 
set distance from the desired soil profile.  The particles at the bottom of the soil bed and 
at the edges of the simulation in the x and y directions were frozen in place to act as 
simulation walls. 
Table 3.1 DEM simulation and reference soil properties [99] 
Parameter [unit] Value Reference 
particle diameter [mm] 4 - 8 0.01 - 1.8 [103] 
particle density [kg/m3] 2,300 2,600 [58] 
bulk density [kg/m3] 1,613 1,605 - 1,660  [103] [62] 
shear modulus, G [GPa] 0.024 30.0 [58] 
Poisson ratio, ν [-] 0.3 0.3 [58] 
cohesion [Pa] 5,000 500 - 5,000 [104] [62] 
friction angle [deg] 36.9 36.5 - 37.7 [103] 
compaction pressure (Pa) 5,000 - 
  
 The soil properties used in this study were chosen to model both soil types used in 
experimental studies performed earlier by Harbin Institute of Technology [88] and by 
Cornell University [103].  While both studies used a lunar soil simulant; the Harbin study 
used dry sand while the Cornell study used lunar regolith simulant JSC-1A.  The soil 
properties used for this study, as well as reference values, are listed in Table 3.1.  Particle 
size was increased greatly to reduce the number of particles required for each simulation 
and to increase the simulation time step.  Smaller particles require smaller time steps to 
prevent large particle overlap.  Similarly the shear modulus was reduced to allow for a 
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greater simulation time step, as time step is proportional to the square root of the 
reciprocal of the shear modulus.  This practice has been shown to be reasonable for 
wheel-digging DEM simulations where the shear modulus used equaled 0.024 GPa [58]. 
 Values for the DEM parameters used in Equations (3.1) through (3.6) are listed in 
Table 3.2.  Normal and tangential stiffness values were chosen using Hertzian equations 
relating stiffness to shear modulus G and Poisson ratio v: kn = 4G/(3(1-v)), kt = 4G/(2-v) 
[95].  Damping ratios were determined through trial-and-error methods.  The static yield 
coefficient μc equals the tangent of the soil friction angle [62].  The rolling resistance 
coefficient μr was tuned to limit error between experiments and simulation results.  It was 
also assumed that no cohesion would occur between the smooth metal wheel and the soil, 
thus the wheel-soil kc value equals zero.  
Table 3.2 DEM particle parameters [99] 
Parameter [unit] Soil-Soil Wheel-Soil 
kn [N/m2] 45,710,000 45,710,000 
kt [N/m2] 56,470,000 56,470,000 
γn [1/m-s] 0.3 0.3 
γt [1/m-s] 0.3 0.3 
μc [-] 0.75 0.1 
μr [-] 0.9 0.9 
kc [J/m3] 5,000 0.0 
  
3.2.2 Wheel Building 
 Two wheels were modeled to simulate the experiments performed by Harbin 
Institute of Technology and by Cornell University, labeled the Ding and MER wheels, 
respectively.  The parameters chosen for the Ding wheel, labeled for the first author in in 
the referred paper, and for the MER wheel, used by NASA’s Mars Exploration Rovers, 
are provided in Table 3.3 and visualized in Figure 3.3.  Some of the parameters used for 
the MER wheel, such as the length of the grousers, were estimated from the figures 




Figure 3.3 Wheel types used in simulation: (a) Ding, (b) MER [99] 
Table 3.3 Wheel properties [99] 
Parameter [unit] Ding MER 
radius [m] 0.157 0.125 
width [m] 0.165 0.16 
particle diameter [m] 0.01 0.01 
grouser particle diameter [m] 0.002 0.002 
tread type flat concave 
tread radius [m] - 0.219 
number of grousers [-] 30 30 
grouser height [m] 0.005 0.00555 
grouser width [m] 0.002 0.0021 
number of wheel sides closed [-] two one 
sidewall height [m] 0.0 0.0025 
number of particles [-] 92,055 93,557 
  
 As mentioned before, the simulation program does not provide functions for the 
creation of a wheel.  A program was written in Matlab to generate a file containing the 
location, size, and type of each particle comprising the wheel with specified dimensions.  
Each wheel consists of many spherical particles that overlap to better approximate a 
smooth surface.  The typical distance between particles was 75% of the smaller particle’s 
radius.  The wheel particles were grouped together so that they act as a single rigid body 
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with no force interaction between wheel particles.  In all simulations three degrees of 
freedom were removed so that the wheel could not move laterally or rotate out of the x-z 
plane.  In wheel-digging simulations the wheel was also not allowed to move 
longitudinally. 
3.3 DEM Validation 
 Validation is an important component of any simulation study.  While all 
experiments studying wheel-soil interaction have challenges, rough soil testing poses 
additional hurdles.  Usually soil is reconditioned and leveled between tests to maintain 
repeatability.  This process becomes more difficult when a non-flat profile is modeled.  
Also, one of the more important factors influencing performance in rough terrain is 
vehicle speed.  As the vehicle speed increases, the length of the test bed must also 
increase to allow enough time for the wheel to reach the desired longitudinal and angular 
velocity.   
 While a direct comparison to experimental data for rough soil locomotion has not 
yet been possible, two validation cases were considered.  In the first case, steady-state 
values for wheel drawbar pull, sinkage, and driving torque at constant longitudinal 
velocity were compared over a range of wheel slip ratios.  In the second case, transient 
values for wheel torque and sinkage were compared for a wheel-digging test.   
 For all simulations wheel sinkage Δz is defined by 
 ( ) ( )profile wheel_ctrxz z z r∆ = − −   (3.7) 
where zprofile(x) is the original soil profile as a function of x position of the wheel center, 
zwheel_ctr is the position of the wheel center in the z-axis, and r is the wheel radius (not 






−=   (3.8) 
where ωy is the angular velocity of the wheel in the y-axis and vx is the longitudinal 
velocity of the wheel in the x-axis.  The desired angular velocity was maintained by 
applying a torque to the wheel proportional to the error between desired and actual 
angular velocity.  Except in the case of the wheel-digging simulation, longitudinal 
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velocity was maintained by applying a force along the x-axis proportional to the error 
between desired and actual longitudinal velocity.  A large proportional gain was used 
which produced negligible angular and longitudinal error. 
3.3.1 Smooth Soil Validation 
 The most common wheel performance test involves controlling wheel slip while 
traversing flat, level soil.  This scenario was simulated for a small, SUGV size rigid 
wheel operating on a dry sand lunar simulant soil and compared to the experimental 
results by Harbin Institute of Technology [88].  Simulation settings are listed in Table 
3.4.  For each simulation the wheel was placed atop one end of a 300 x 750 x 150 mm (W 
x L x D) soil bed, and the system allowed to rest for 0.5 seconds.  For the next 0.5 
seconds the wheel slip ratio was increased linearly to the desired value by applying a 
force and torque to the wheel.  The desired slip ratio was then maintained for an 
additional 15 seconds until the simulation appeared to reach steady-state, visualized in 
Figure 3.4.  The mass density of the wheel particles was chosen to provide a constant 
normal load of 80 N.  Since all simulations were performed under Earth gravity, the 
wheel had a mass of 8.155 kg to adjust for vehicle load. 
 
Figure 3.4 Smooth soil simulation at 0.275 slip (soil color shading indicates elevation) 
[99] 
 
 Drawbar pull, sinkage, and driving torque time-series data for two slip ratios are 
shown in Figure 3.5.  Data from the last few seconds of simulation were averaged for 
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each slip ratio and compared to experimental data, shown in Figure 3.6.  The data shows 
reasonable agreement between simulation and experiment, especially for higher slip 
ratios.  Simulated sinkage values were higher at low slip ratios, while drawbar pull values 
were lower in comparison to experimental values.  The data shows qualitative agreement 
to validate the DEM simulation during steady-state simulations. 
Table 3.4 Smooth soil simulation settings [99] 
Parameter [unit] Value 
time step [sec] 3x10-5 
soil width [mm] 300 
soil length [mm] 750 
soil depth [mm] 150 
number of soil particles [-] 171,287 
wheel type Ding 
wheel mass [kg] 8.155 
wheel slip ratio [-] -0.025:0.1:0.575 




Figure 3.5 Time series drawbar pull, sinkage, and driving torque data for smooth soil 





Figure 3.6 Average drawbar pull, sinkage, and driving torque values from smooth soil 
simulation and experiment [99] (experimental values from [88]) 
3.3.2 Wheel-Digging Validation 
 NASA used the Mars Exploration Rovers Spirit and Opportunity to perform 
several experiments involving digging one of its wheels into the soil in order to 
investigate the physical properties of Martian regolith.  Cornell University conducted a 
similar trench-digging experiment with a MER wheel using lunar regolith simulant JSC-
1A [103].  Another group simulated this experiment using 3-D DEM as a means for 
evaluating the use of ellipsoids and poly-ellipsoids in comparison to spherical particles 
[58] [93].  For this study the MER wheel was placed atop the center of a 300 x 600 x 150 
mm (W x L x D) soil bed and allowed to rest for 0.5 seconds.  For the next 0.5 seconds 
torque was applied to the wheel to increase the angular velocity linearly from 0 to 0.3 
radians per second.  The wheel was then rotated at 0.3 rad/s for the next ten seconds.  The 
simulation at initialization and after 10.5 seconds is shown in Figure 3.7.  During the 
simulation four degrees of freedom of the wheel were removed, permitting only vertical 
motion and angular rotation along its y-axis.  In the Cornell experiment the wheel was 
connected to a pivoting arm 1.5 m in length to replicate the actual Mars Rover 
kinematics.  This difference in setup is insignificant given the relatively small sinkage 
experienced by the wheel.  The combined mass of the MER wheel and pivoting arm was 
11 kg.  As before, the density of the wheel particles was altered to produce the desired 
normal load.  The simulation settings are summarized in Table 3.5. 
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Table 3.5 Wheel-digging simulation settings [99] 
Parameter [unit] Value 
time step [sec] 3x10-5 
soil width [mm] 300 
soil length [mm] 600 
soil depth [mm] 150 
number of soil particles [-] 137,027 
wheel type MER 
wheel mass [kg] 11.0 
wheel angular velocity [rad/s] 0.3 
wheel longitudinal velocity [m/s] 0.0 
  
 
Figure 3.7 Wheel digging DEM simulation shown at initialization (a) and after 10.5 
seconds (b and c) where soil color indicates elevation [99] 
 Results from the wheel-digging simulation are shown in Figure 3.8.  As the wheel 
rotates clockwise soil particles are pulled to the rear of the wheel, largely as a result of 
the grousers.  As the wheel sinks further into the soil, the driving torque necessary to 
maintain the desired angular velocity also increases.  The simulation results show good 
qualitative agreement with the experimental data, especially concerning the wheel 
sinkage.  Driving torque remains consistently lower by about 2.5 N-m throughout the 
simulation.  The torque and sinkage results mirror the results from prior DEM 
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simulations of the same wheel-digging test found in the literature which used more 
complex ellipsoid and polyellipsoid particle shapes [58] [93].  The results from this 
simulation provide confidence that the DEM simulation setup is able to capture the 
dynamics for a transient wheel-digging experiment with reasonable quantitative and 
qualitative accuracy.   
 
Figure 3.8 Time series torque and sinkage data from wheel digging simulation and 
experiment [99] (experimental values from [103]) 
3.3.3 Conclusions 
 The DEM simulation results for smooth soil wheel locomotion and for transient 
wheel-digging match the experimental trends, however the quantitative error was not 
consistently low.  DEM parameter tuning using wheel simulations is problematic due to 
large number of data points and the significant computation costs of each simulation.  
The issue of DEM accuracy is addressed through parameter tuning to match soil test 
results and through modification of the rolling resistance term in Chapter 4. 
3.4 Rough Terrain Simulations 
 To investigate the performance impact of traversing rough soil, 20 sinusoidal soil 
profiles were generated with varying amplitude and frequency.  A two-dimensional 
sinusoidal profile was chosen to simplify the analysis of the effect of soil profile 
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properties on wheel performance.  In addition the sinusoidal shape also allows the profile 
to be fully represented by a short distance, as opposed to generating the profile using a 
spectral density function.  Limiting the simulation distance is important given the DEM 
computation limitations.  Amplitude was varied from 6.5 to 19.5 mm, or from 5% to 15% 
of the maximum wheel radius including grousers.  The sinusoidal frequency was varied 
from 16 to 64 cycles-m-1 so that the profile period varied from 75% to 300% of the 
maximum wheel radius including grousers.  Longitudinal velocity was regulated at 0.1 
m/s, which is higher than many planetary rovers though less than those used on Earth.  
While the influence of rough terrain is expected to increase with velocity, a higher 
velocity was impractical given the simulation size that would be required.  Flat soil was 
used as an experimental control to evaluate the overall impact of rough soil.  Simulations 
were performed for 20 seconds to ensure that several soil profile periods would be 
traversed for all frequencies.  A summary of all of the simulation settings is given in 
Table 3.6.  A simulation with amplitude 13 mm, frequency 48 cycles/m, and 0.3 slip is 
visualized in Figure 3.9.  The wheel is moving from left to right, compacting and 
displacing soil to produce a new profile behind the wheel.   
 
Figure 3.9 Rough soil simulation with amplitude 13 mm, frequency 48 cycles/m, and 0.3 




Table 3.6 Rough profile simulation settings [99] 
Parameter [unit] Value 
time step [sec] 3x10-5 
soil width [mm] 300 
soil length [mm] 2,500 
soil depth [mm] 150 
number of soil particles [-] ~545,000 
wheel type MER 
wheel mass [kg] 8.155 
wheel slip ratio [-] 0.05, 0.3, 0.55 
wheel longitudinal velocity [m/s] 0.1 
profile amplitude [mm] 6.5, 9.75, 13, 16.25, 19.5 
profile frequency [cycles/m] 16.1, 32.2, 48.3, 64.4 
  
 Example time series data over one period of travel is shown in Figure 3.10.  The 
data shown was filtered using a spline-type interpolation to improve data clarity. The 
sinusoidal profile of the rough terrain creates oscillations in the drawbar pull, sinkage, 
and driving torque at the wheel.  The wheel can experience significant fluctuations in 
each of these values when traversing rough terrain. 
 
Figure 3.10 Time series drawbar pull, sinkage, and driving torque data for rough terrain 




 One of the notable features in Figure 3.10 is that the wheel sinkage can become 
negative for rough terrain with high frequency oscillation.  This results from the way 
sinkage was calculated (comparing wheel bottom position to the original soil profile) and 
as a result of the geometry of the rough soil profile.  The solid green lines and dashed 
magenta lines in Figure 3.11 and Figure 3.12 display the original terrain profile and the 
wheel path over the terrain assuming zero soil compaction, respectively.  As the 
frequency of the profile oscillation increases the wheel becomes less able to follow the 
original path.  At 75% of the oscillation period in Figure 3.12 the wheel location is above 
the original profile, which leads to a negative sinkage value. 
 
Figure 3.11 Low frequency (16 cycles/m) rough soil compaction with varying terrain 
amplitudes (6.5, 13, 19.5 mm) [99] 
 
 
Figure 3.12 High frequency (64 cycles/m) rough soil compaction with varying terrain 
amplitudes (6.5, 13, 19.5 mm) [99] 
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 In low frequency roughness the wheel moves up and down with the profile, as 
shown by the square, diamond, and circle marked lines in Figure 3.11.  However, as the 
frequency increases the wheel begins to travel almost horizontally as though on flat 
ground, regardless of profile amplitude.  While this is in part a result of the geometry of 
the terrain, again highlighted by the dashed magenta line, it is also a result of the constant 
longitudinal velocity constraint applied during the simulations.  Instead of climbing over 
the soil, the wheel bulldozes through.  The soil at the crest of one hill is often pushed into 
the next trough or toward the sides of the wheel, helping to level the terrain.  As the 
frequency of oscillation increases the troughs become smaller, leading to a flatter ground. 
3.4.2 Drawbar Pull 
 During each simulation a longitudinal force was applied to the wheel to maintain 
its velocity at 0.1 m/s.  At low slip a positive force was applied since the wheel did not 
produce enough traction, while a negative force was applied at high slip to prevent 
positive acceleration.  On flat terrain the variation of this force was significantly smaller 
than on rough terrain, as shown in part (a) of Figure 3.13.  Drawbar pull ranges decreased 
as the frequency increased.  This is not surprising since the wheel followed a flatter path 
as frequency increased.  Variation increased greatly with profile amplitude; however the 
difference became small at 64 cycles/m.  Drawbar pull variation can have a significant 
impact on vehicle performance.  Negative drawbar pull values mean the wheel was not 
providing enough force to maintain its velocity.  This condition greatly increases the 
chance that the wheel will become immobilized.  Variations in tractive force can also 
create pitch moments for a vehicle, which may lead to vibration and increased normal 
loads. 
 Rough terrain causes not only drawbar pull variation during simulation, but also 
changes in average values compared to flat terrain.  Average values were calculated over 
at least two complete profile periods so that data was not bias towards one region of the 
profile period.  Part (b) of Figure 3.13 displays the percent difference between flat and 
rough terrain simulations, where blue corresponds to positive changes and red 
corresponds to negative changes.  Drawbar pull was increased as much as 15% at 0.05 
slip ratio (32 cycles/m, 19.5 mm), and decreased as much as -15% at 0.30 slip ratio (16 
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cycles/m, 16.25 mm) compared to flat soil.  Average drawbar pull values can be useful 
when predicting wheel performance under a certain set of operating conditions, however 
the large variations shown in part (a) of Figure 3.13 must also be taken into account.  A 
positive average drawbar pull value may not necessarily indicate that the wheel can 
navigate rough terrain without becoming immobilized. 
 
Figure 3.13 Drawbar pull values as a function of surface frequency and amplitude.  (a) 
shows the impact of surface profile on the distribution of drawbar pull values.  (b) shows 
the percent difference between rough and flat drawbar pull average values, where values 
for flat terrain equaled -11.02, 8.56, 20.84 for slip ratios 0.05, 0.30, 0.55, respectively 
[99] 
3.4.3 Driving Torque 
 During each simulation a torque was applied to the wheel to maintain the angular 
velocity necessary for the given slip rate.  At a low slip ratio the variation in driving 
torque was significantly larger when traversing rough terrain compared to flat, as shown 
in part (a) of Figure 3.14.  The size of the distribution decreased as the frequency 
increased, and higher amplitude resulted in larger distributions.  Both of these trends 
mirror those seen in the drawbar pull results.  Like drawbar pull, variations in driving 
torque can have a significant impact on vehicle performance.  Peak values for torque may 
strain the vehicle’s powertrain system, or may simply be unobtainable.  The powertrain 
may be forced to operate at decreased efficiency for components such as an electric 
motor, especially if they were designed around average torque values.  While wheel 
velocity was tightly regulated during the simulations conducted for this study, vehicles in 
the field would most likely not be able to regulate slip as well.  The vehicle may 
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experience large fluctuations in tractive force and wheel slip, which can have a dramatic 
impact on the vehicle’s dynamics, efficiency, and mobility. 
 
Figure 3.14 Driving torque values as a function of surface frequency and amplitude.  (a) 
shows the impact of surface profile on the distribution of driving torque values.  (b) 
shows the percent difference between rough and flat driving torque average values, where 
values for flat terrain equaled -1.17, 3.45, 5.17 for slip ratios 0.05, 0.30, 0.55, 
respectively [99] 
 Interestingly, driving torque distributions are essentially independent of roughness 
when operating at a high slip ratio, as shown in part (a) of Figure 3.14.  When the wheel 
rotates at a high slip rate the lugs transport more soil particles along the circumference.  
This process appears to not be greatly influenced by the soil profile, and dominates the 
torque requirements at high slip.   
 Even with the significant driving torque fluctuation that can occur during a 
simulation, average values can be important when determining power and energy 
requirements over long distances.  Part (b) of Figure 3.14 displays the percent difference 
between flat and rough terrain simulations, where blue corresponds to positive changes 
and red to negative changes.  Driving torque was increased as much as 35% at 0.05 slip 
ratio (32 cycles/m, 19.5 mm), and decreased as much as 5% at 0.05 slip ratio (16 
cycles/m, 6.5 mm).  Average differences tended to decrease as the amplitude decreased 
and the slip ratio increased.  In general, operating on rough terrain will require more 




 Numerical simulations using the discrete element method were conducted to 
evaluate the performance and mobility impacts of rough lunar terrain for a MER type 
wheel.  Before rough terrain simulations were conducted the discrete element method 
was validated through comparison with two experimental tests.  The first test measured 
drawbar pull, sinkage, and driving torque while traversing flat, level terrain at constant 
slip.  The second test measured wheel torque and sinkage during wheel-digging.  
Validation of both the steady-state and dynamic simulations showed reasonable 
quantitative accuracy with good qualitative correlation.   
 The impact of rough terrain was evaluated for 20 sinusoidal soil profiles with 
varying frequency and amplitude.  Results showed that the low longitudinal velocity 
combined with a fairly soft soil led to greater soil displacement over rough terrain, but 
did not show significant vibration.  Nevertheless, wheel mobility and efficiency were 
decreased compared to flat, level operation.  Average values for drawbar pull decreased 
as much as 15% while increasing as much as 35% for driving torque.  More importantly 
all performance metrics oscillated as a result of the soil profile, producing significantly 
higher maximum values and lower minimum values.   
 The impact of rough terrain on single wheel performance was limited by the 
choice of soil used for the study; the lunar simulant deformed easily during wheel 
locomotion.  At the simulated longitudinal velocity the minimal elevation changes were 
not enough to induce vibration.  Even under the simulated conditions the rough terrain 
may have a greater effect on a full vehicle with vehicle pitch/roll dynamics.  In the future, 
rough terrain experimental testing should be conducted to verify the simulation findings 
and to improve rough terrain modeling.  Simulations should also be performed using the 




DEM Tuning and Evaluation 
 In the previous chapter, DEM simulations were performed to determine if surface 
roughness should be considered during the design stage for a SUGV.  The developed 
DEM was studied first evaluated by comparing steady-state wheel locomotion 
simulations and dynamic wheel digging simulations with experimental data from the 
literature.  Two important questions were raised by the results of the previous chapter: 
can DEM be tuned to improve performance accuracy, and how does DEM compare to the 
Bekker method.  In this chapter both the Bekker method and DEM parameter were tuned 
to fit experimental direct shear and pressure-sinkage soil tests.  Both methods were then 
used to simulate steady-state wheel locomotion, and evaluations were made based on 
accuracy and computation efficiency.  In addition to the Bekker method and DEM a 
“dynamic Bekker” method, detailed in Section 4.1.2, is presented.  The dynamic Bekker 
method provides a means for comparing computation costs of the Bekker method and 
DEM when used to perform multibody dynamics simulations.  
4.1 Terramechanics Methods 
 The three terramechanics methods simulated in this chapter, the Bekker method, 
dynamic Bekker method, and the discrete element method, are each described in the 
following sections.   
4.1.1 Bekker Method 
 The limitations and difficulties of purely empirical or theoretical terramechanics 
methods led researchers to create semi-empirical models.  M.G. Bekker, a pioneer in the 
field during the 1950s and 1960s, created semi-empirical equations for wheel 
performance which are the basis for most terramechanics models today [7] [9] [10].  The 
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Bekker method, which encompasses all terramechanics methods derived from Bekker’s 
original equations, is regularly used in its original or modified form.  Recent examples 
include modification for wheel grousers [20] [77] [89] [105], identifying soil properties 
during vehicle operation [36] [34], and modification of the normal stress equation [26] 
[25].  The most significant limitations of the Bekker method can be summarized as 
follows.  The method assumes steady-state wheel-terrain interaction, thus it ignores any 
dynamics.  Although the method is based on the understanding of the physical nature of 
vehicle-terrain interaction, it remains empirical in nature, thus lacking predictive 
capability.  These restrictions limit its applicability for transient operation and complex 
geometry interactions that can be modeled through multibody vehicle simulations.  The 
details and equations of the Bekker method used in this chapter were previously 
described in Section 2.1. 
4.1.2 Dynamic Bekker Method 
 The dynamic Bekker method addresses two of the limitations of the Bekker 
method: the ability to simulate multibody dynamics and complex soil profiles.  While 
several variations of the dynamic Bekker method exist in the literature, the fundamental 
concept stays the same.  The dynamic Bekker method treats the wheel as a free body with 
inertia, and discretizes the soil so the Bekker stress equations can be applied to each 
region.  Researchers have used variations of the dynamic Bekker method to perform 
multibody simulations with [24] [28], and without [21] [76] [77] soil discretization.  The 
following is a description of the dynamic Bekker method used in this dissertation.  It 
should be noted that the dynamic Bekker model was developed and implemented by 
Daniel Melanz, who was a collaborator on a paper [106] 
 The model is composed of two major elements: a single rigid body representing 
the wheel and multiple rigid bodies representing the soil, shown in Figure 4.1.  The wheel 
is bilaterally constrained to move at a specified linear and angular velocity to produce a 
desired slip ratio.  The Lagrange multipliers that are produced by the solution of this 
constrained multibody dynamics problem provide the drawbar pull and driving torque 
required to propel the wheel.  A vertical force is applied at the wheel hub to produce the 
desired normal load.   
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 The soil is represented by a uniformly spaced set of spheres, or soil nodes, 
supported by nonlinear springs constrained to move only in the vertical direction.  As the 
soil nodes come into contact with the wheel body, the nodes will be displaced.  This 
displacement, or sinkage, is used to determine the resulting soil normal pressure.  The 
pressure is multiplied by the area that the soil node acts on the wheel, which is the 
distance between the centers of the adjacent soil nodes multiplied by the wheel width.  
The normal force acts on the wheel in the plane of wheel-node contact.  The normal 
pressure can be used to calculate the shear force, which is applied in the tangential plane 
of wheel-node contact.  
 
Figure 4.1 Diagram of the dynamic Bekker model.  The close-up region A shows how the 
wheel contacts the soil nodes. [106] 
 These modifications to the Bekker method allow for full-vehicle multibody 
dynamic simulations on non-smooth soil profiles, hence the name “dynamic” Bekker 
method.  The tool used to create this model, called Chrono [107], has been built to 
leverage parallel computing and specializes in simulations involving large amounts of 
contact and friction.  Chrono is both modular and extensible, stemming from the desire to 
build vertical applications such as this terramechanics module. 
4.1.3 Discrete Element Method 
 The version of the discrete element method used in this chapter has been slightly 
modified from the version given in the previous chapter.  Modifications were made 
chiefly to the torque model, changing from a constant directional torque model to a 
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velocity-dependent elastic-plastic spring-dashpot model.  Rather than cover all of the 
differences between the two models, the current model is discussed in detail. 
 In this study all particles are spherical with normal and tangential Hertzian style 
friction forces FHertz,n/t and rolling friction moment Trolling, shown in Figure 4.2.  The 
equations for Herzian forces, including the spring and damping coefficients, are from the 
literature [98] [95] [96] [97].  Forces normal to the contact plane (along the unit vector 
between particles) are described by 
 Hertz,n n ij n nk δ γ= −F n v   (3.9) 
 
Figure 4.2 DEM contact model for particle-particle force/torque interactions (after [100]) 
[106] 
 Here the normal elastic spring coefficient kn and viscoelastic damping coefficient γn are 
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  (3.11) 
where Yi/j is the Young’s modulus of each particle, νi/j is the Poisson ratio of each particle, 
and e is the coefficient of restitution. 
 Similarly, forces tangential to the contact plane are described by 
 t t t t tk γ= −F Δs v   (3.12) 
Here the tangential elastic spring coefficient kt and viscoelastic damping coefficient γt are 























  (3.13) 
where Geff is the effective shear modulus, defined by 
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 An upper limit exists for tangential forces through the Coulomb criterion given by 
 t c n t c nif  then µ µ> =F F F F   (3.15) 
 Real soil grains have considerable angularity, causing them to interlock thereby 
inhibiting rotation.  Many researchers have shown that when only using normal and 
tangential friction forces, more realistic particle shapes such as ellipsoids, poly-ellipsoids, 
polyhedrals, and complex shapes formed through the clumping of spheres, can better 
reproduce soil behavior compared to spheres [108] [109] [58].  The disadvantage of using 
complex shapes include increased computation time and increased program complexity.  
Using a rolling resistance term has been shown to provide similar results to complex 
particle shapes but without a significant penalty in computation speed [110] [80] [111].  
All DEM particles used in this dissertation are spherical. 
 An elastic-plastic spring-dashpot (epsd) rolling resistance model was used in this 
chapter, which was shown to be a better model compared to constant directional torque 
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models (that was used in the previous chapter) and compared to viscous models [101].  
The rolling resistance model uses a spring and damper, similar to the friction forces.  The 
rolling resistance equations provided below are from the literature [101].  The torque 
contribution Trolling acts against relative angular motion between two contacting bodies, 
defined by 
 i jkrolling r r r, eff n
i j
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where Trk/γ are the stiffness/damping torque and μr, eff is the effective rolling resistance 
coefficient.   Torque is limited by the resistance coefficient and normal force similar to 
tangential friction.  Rolling stiffness and damping terms depend on the relative rotation 
vector Δθr and the relative angular velocity vector Δωr, respectively, given by  
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 The rolling elastic spring coefficient kr and the rolling viscoelastic damping 
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where Ieff is the effective moment of inertia of the particles in contact, defined by  
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 Recent research on granular soils, particularly soils with angular (less rounded) 
particles, has found that particle interaction forces are velocity dependent.  Soil simulant 
SSC-2, a silty sand with fine angular grains originally intended as an analogue for 
Martian regolith, exhibited an increasing drag force when velocity increased from 1 to 50 
mm/s [112].  In granular pile formation DEM simulations, the rolling friction coefficient 
was found to be dependent on the relative motion between particles [80].  In this study 
the effective rolling resistance coefficient is assumed to be dependent on the square of the 
relative velocity between particles, defined by 
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 ( )2r, eff r tmin ,   1.0µ µ= v   (3.20) 
where μr is the user-specified rolling resistance.  This modification to the standard epsd 
rolling resistance model was necessary to accurately model the slow shear rate for direct-
shear tests and the high sinkage rate for pressure-sinkage tests, using the same set of 
DEM parameters.   
 The complexity of the discrete element method is responsible for many of the 
method’s advantages and limitations.  By modeling the soil using small discrete particles 
DEM has the capability to analyze the micro and macro-properties of soil, and can easily 
handle large soil deformation and fault cracks.  DEM also does not require empirical 
equations to handle wheel simulations, and can be expanded without modification to 
model interaction with other objects, such as an auger or foot [61].   
 The complexity of DEM limits its applicability.  There is a lack of an efficient, 
robust method to determine the DEM parameter values necessary to produce the desired 
macro-mechanical properties.  While computation power has greatly increased since 
DEM was first created, it is still necessary to model soils with significantly larger 
particles than in reality.  Finally, DEM requires careful consideration of properties in 
addition to parameter values, such as particle packing structure and particle shape. 
4.2 Soil Testing 
 Mojave Martian Simulant (MMS) [113] was used in all experiments for this 
chapter.  MMS was characterized by performing direct shear and pressure-sinkage tests.  
The results from each test were used to determine the parameter values for the three 
terramechanics methods.  The wheel performance prediction accuracy of each method 
can be evaluated by choosing parameter values to fit the soil tests, rather than tuning 
parameter values to fit wheel test results.  All soil tests were performed by the Laboratory 
for Manufacturing and Productivity at the Massachusetts Institute of Technology, headed 
by Professor Karl Iagnemma and Dr. Carmine Senatore. 
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4.2.1 Experimental Tests 
 Soil shear properties greatly influence wheel performance, especially through 
traction generation.  Direct shear tests were used to measure the shear strength properties 
of MMS.  The shear box was approximately 60 x 60 x 60 mm (W x L x H) in size.  Three 
normal pressures (2080, 5330, 17830 Pa) were tested for loosely-packed soil with bulk 
density between 1.55 and 1.6 g/cm3.  The lower half of the shear box moved 
approximately 6.5 mm in 6 minutes, creating a shear rate of 18.0 μm/s.  Two tests were 
performed at each normal load and averaged. 
 Soil normal properties also greatly influence wheel performance, especially 
through sinkage generation.  Pressure-sinkage tests were performed using a 5 x 15 cm (W 
x L) in size for loosely-packed soil with bulk density between 1.55 and 1.6 g/cm3.  The 
flat plate penetrated the soil at a rate of 10.0 mm/s to a depth of 2 cm.  Fifteen tests were 
performed and averaged.   
4.2.2 Bekker Parameter Identification 
 The experimental direct-shear results were used to determine the Bekker 
parameters c, ϕ, and K by numerically minimizing the error given by  
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The resulting Bekker shear stress curves are shown in Figure 4.3.  Error minimization 
was performed using the data from all normal loads so that one set of parameters was 




Figure 4.3 Bekker parameter fit for direct shear and pressure-sinkage tests. [106] 
 The experimental pressure-sinkage results were used to determine the Bekker 
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The resulting Bekker pressure curves are shown in Figure 4.3.  The final Bekker 
parameters for MMS obtained from both soil tests are shown in Table 4.1.  These 
parameters are applicable for both the Bekker and dynamic Bekker methods.  It is 
important to note that the pressure-sinkage parameters are sensitive to the plate size used, 
the maximum sinkage depth, and the penetration rate [114].  Therefore different Bekker 
parameter values may be obtained by using a different plate, penetration rate, or 
maximum sinkage depth.  This is a limitation of the Bekker method. 
64 
 
Table 4.1 Bekker parameter values from direct-shear and pressure-sinkage curve fitting. 
Parameter [unit] Value 
c [Pa] 139.280 
ϕ [rad] 0.606 
K [m] 5.151x10-4 
k [Pa] 2.541x105 
n [-] 1.387 
  
4.2.3 Discrete Element Method Tests 
 The parameter values for the discrete element method cannot be determined 
through curve fitting, as was done for the Bekker method, because the normal and shear 
properties cannot be described by the contact equations alone.  Instead, DEM direct-shear 
and pressure-sinkage simulations similar to the real experiment must be performed.  
DEM parameters can be tuned by evaluating the simulation error. 
 The temporal increment, or time step, of DEM simulations must be small enough 
to preserve stability, yet large enough to produce reasonable computation times.  The 
maximum allowable time step is a function of (Mi/kn)1/2 [115] [116] [60], placing a 
computation penalty on small soil particles and high Young’s modulus values.  After 
selecting an initial time step according to the function, simulations were performed at 
varying time step to ensure stability.  In addition to the time step penalty, decreasing 
particle size results in an increased number of particles per unit volume, further 
increasing computation time.  It was found that a wider range of particle radius values 
was beneficial to simulation accuracy, while particles too large in size decreased 
simulation repeatability.  After evaluating numerous particle distribution ranges and 
shape functions, a uniform probability distribution was chosen ranging from 2.5 to 10 
mm that provided a good tradeoff in computation cost, repeatability, and accuracy. 
 Soil particle arrangement, or packing, has a significant impact on macroscopic 
soil behavior [102].  The procedure used in this chapter was to pour particles under Earth 
gravity into a 50 x 50 mm (W x L) rectangular prism to a height of 160 mm.  After the 
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particles settled, the soil particle density was modified to produce a bulk density of 1.6 
g/cm3, roughly equal to the experimental density value.  Simulations with different time 
steps have slightly different particle density values due to the randomness that occurs 
with this method.  Periodic boundaries in the x and y planes were used to allow the prism 
to be repeated in the xy-plane, building a larger soil body.  This technique was used to 
create the soil bodies in the pressure-sinkage and wheel locomotion tests.   
 Significant research has already been performed in the area of DEM parameter 
selection and validation, using methods such as pressure-sinkage tests [117], confined 
compression tests [118], direct shear tests [119] [120], angle of repose tests [111] [121] 
[80], and triaxial compression tests [58] [108] [110] [122].  The techniques and insights 
from the literature provided a basis for parameter selection in this work, however given 
the number of DEM parameters, configurations, and settings, thousands of soil test 
simulations were required to obtain reasonable accuracy.  The soil parameters which 
were found to best reproduce the real soil behavior for both direct shear and pressure-
sinkage tests are listed in Table 4.2.  Mesh walls, used in direct shear and pressure-
sinkage tests, were assumed to be smooth with zero friction and low restitution.   
Table 4.2 DEM soil parameters and simulation settings. 
Parameter [unit] Value 
particle diameter [mm] 2.5 - 10 
particle density [g/cm3] 3.072 - 3.107 
bulk density [g/cm3] 1.6 
Y [Pa] 7.0x107 
ν [-] 0.35 
μc [-] (particle, wall) 0.86, 0.0 
μr [-](particle, wall) 6.75x108, 0.0 




4.2.3.1 Direct Shear Test 
 Thousands of DEM direct shear tests were simulated during the process of 
parameter selection.  Tests were conducted by first generating an upper and lower shear 
box mesh using the real shear box dimensions.  Particles were then poured into the shear 
box to a height of 60 mm, where particle density was chosen based on the previously 
described particle packing method.  The desired normal load was then applied to the soil 
using a flat plane of tightly packed particles grouped into a rigid body.  The particle 
densities were chosen to produce the desired normal force.  The inertia of the body was 
not an issue due to the low shear rate.  After the normal pressure stabilized, the upper box 
and rigid body were translated at a constant shear rate of 6.6x10-4 m/s for a distance of 
6.6 mm.  Shear stress was calculated by measuring the x-plane force of the upper mesh, 
and dividing by the original xy-plane area.  The simulation test parameters are listed in 
Table 4.3. 
Table 4.3 DEM direct shear test settings and parameters. 
Parameter [unit] Value 
shear box dimensions [mm] 60 x 60 x 60 (W x L x H) 
normal load [Pa] 2,080 | 5,330 | 17,830 
shear rate [mm/s] 0.66 
shear displacement [mm] 6.6 
number of soil particles ~640 
time step [sec] 1.5 - 3.8x10-6 
  
 While the experimental shear rate was considerably slower than the simulated 
rate, reducing the simulated shear rate had negligible impact on shear stress curves.  An 
example simulation is displayed in Figure 4.4 for a normal load of 17830 Pa.  The figure 
shows the horizontal additions to the upper and lower meshes used to keep the particles 
within the bin.   
 Five direct shear tests were performed using the DEM parameter values given in 
Table 4.2 for time steps ranging from 1.5 to 3.8 μs.  The particle pouring method has an 
element of randomness, which along with the relatively large particle sizes, contributes to 
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variation among simulations.  Simulation results, including the average and standard 
deviation shear stress, are shown in Figure 4.5.  In the tuning process, Young’s modulus 
was increased to achieve a suitable initial shear stress slope, while the Coulomb and 
rolling resistance coefficients were lowered to limit residual stress.  The simulated 
residual shear stress is somewhat higher than experimental, however this was a 
compromise made to produce better pressure-sinkage results.  Simulations were run on a 
single core of an Intel Xeon 5160 (3.0 GHz), at a rate of 40 to 20 cpu minutes per 
simulation second for time steps 1.5 and 3.8 μs, respectively. 
  
Figure 4.4 DEM simulation of direct-shear test at normal load 17830 Pa (soil shading 
indicates radius). [106] 
  
Figure 4.5 DEM direct shear average results with standard deviation bars. [106] 
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4.2.3.2 Pressure-Sinkage Test 
 Thousands of pressure-sinkage tests were simulated during the process of 
parameter selection.  Due to the large number of simulations required, it was important to 
reduce computation time where possible.  Reduction in the number of soil particles was 
accomplished by simulating a soil bin approximately three times the length and width of 
the pressure plate, while keeping soil depth the same as used in the experiments.  Periodic 
boundaries were used in the x and y dimensions to help remove wall effects, better 
representing a larger soil bin.  Computation time was also reduced by using the 
previously generated soil prisms, described in Section 4.2.3, to build the soil body.  This 
step eliminated the need to perform soil packing for a large volume.  The pressure plate, 
generated as a mesh, was moved into the soil at a fixed sinkage rate of 10 mm/s.  Normal 
pressure was determined by dividing the z-plane force acting on the mesh plate by the xy-
area of the plate.  The simulation test parameters are listed in Table 4.4, with an example 
simulation displayed in Figure 4.6.   
Table 4.4 DEM pressure-sinkage test settings and parameters. 
Parameter [unit] Value 
soil bin dimensions [mm] 150 x 400 x 160  
(W x L x H) 
plate dimensions [mm] 50 x 130 x 10  
(W x L x H) 
sinkage rate [mm/s] 10.0 
maximum sinkage [mm] 20.0 
number of soil particles ~30,000 






Figure 4.6 DEM simulation of pressure-sinkage test (soil shading indicates radius). [106] 
  
Figure 4.7 DEM pressure sinkage average results with standard deviation bars. [106] 
 Five pressure-sinkage tests were performed using the DEM parameter values 
given in Table 4.2 for time steps ranging from 1.5 to 3.8 μs.  Variation among 
simulations is again attributed to the randomness of the pouring method used for particle 
packing and the relatively large particle sizes.  Simulation results, including the average 
and standard deviation normal pressure, are shown in Figure 4.7.  In the tuning process, 
Young’s modulus, Coulomb and rolling resistance coefficients were increased to achieve 
suitable pressures at high sinkage.  Simulated pressure is slightly higher than 
experimental for low sinkage values between 2.5 and 12.5 mm, however this was a 
compromise made to produce better direct shear results.  Simulations were run on a 
single core of an Intel Xeon 5160 (3.0 GHz), at a rate of 6 to 3 cpu hours per simulation 
second for time steps 1.5 and 3.8 μs, respectively.  
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4.3 Wheel Testing 
 Steady-state, constant slip ratio wheel tests are the most common experimental 
tests for evaluating terramechanics methods.  A wheel is placed in the center of a 
rectangular soil bin, where the soil is flat and smooth.  An additional mass or force is 
applied to the wheel to produce the desired normal load.  After the wheel position 
stabilizes, an x-axis force and a y-axis torque are applied to the wheel to maintain the 
desired linear and angular velocities, respectively.  Common wheel performance outputs 
from the test include drawbar pull (sum of forces in the x-axis), wheel driving torque, and 
sinkage.  Tests were simulated using the three terramechanics methods and compared to 
experimental results. 
4.3.1 Experimental Tests 
 Wheel experiments were performed by the Laboratory for Manufacturing and 
Productivity at the Massachusetts Institute of Technology, headed by Professor Karl 
Iagnemma and Dr. Carmine Senatore. using their single wheel test bed [123].  The test 
bed, shown in Figure 4.8, consists of a Lexan soil bin surrounded by an aluminum frame.  
A carriage slides on two rails, allowing for longitudinal (x-axis) motion of the wheel.  
The wheel can rotate in the y-axis while connected to a mount which translates in the 
vertical or z-axis.  Longitudinal carriage motion is controlled by a toothed belt, while the 
wheel is directly driven by a DC motor.  A 6-axis force torque transducer is mounted 
between the wheel mount and the carriage to measure drawbar pull and vertical force.  A 
flange-to-flange reaction torque sensor is used to measure driving torque applied to the 
wheel.  The soil used for the wheel tests was MMS, the same soil as used for direct shear 
and pressure-sinkage tests. 
 The wheel used in this study had a width of 160 mm and a radius of 130 mm.  The 
wheel surface did not contain lugs or grousers, but was coated with MMS using glue.  
This guaranteed enough friction between the wheel and the soil to reduce slippage, thus 
forcing terrain failure to occur away from the wheel-terrain interface.  An additional 
normal force was applied to the wheel to generate a normal load of 115 N.  Experiments 
were conducted for 9 slip ratios with a constant angular velocity of 17 deg/s.  Tests were 
run for a distance of 0.7 m, or until steady state was reached.  The properties of the 
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experimental wheel tests are detailed in Table 4.5.  It should be noted that the method of 
determining wheel sinkage was by measuring the vertical position of the wheel mount 
over time.  This method is not precise because it does not measure at the wheel-soil 
interface.  If the soil varies in height over the length of the test bed, the sinkage 
measurement will be directly influenced. 
  
Figure 4.8 Diagram of MIT wheel test bed. [106] 
 
Table 4.5 Experimental wheel test properties. 
Parameter [unit] Value 
soil bed dimensions [mm] 600 x 1000 x 160  
(W x L x H) 
wheel width [mm] 160.0 
wheel radius [mm] 130.0 
wheel mass [kg] 3.2 
normal load [N] 115.0 
angular velocity [deg/s] 17.0 
slip ratios [-] -0.7, -0.5, -0.3, -0.1,  




4.3.2 Simulation Settings 
 The following is a description of additional parameters and settings required for 
wheel simulations of each terramechanics method.   
4.3.2.1 Bekker Method 
 The majority of parameter values for the Bekker method were determined through 
parameter fitting of the direct shear and pressure-sinkage soil tests, listed in Table 4.1.  
Some of the parameters, such as a0 and a1 from Eq. (2.5)  used to determine θm, cannot be 
determined through these soil tests.  These parameters can only be determined 
experimentally through wheel tests.  The goal of this chapter is to determine the accuracy 
of each terramechanics method’s prediction, not fit, of wheel performance.  Therefore, 
rather than using the experimental wheel results to determine these parameters, they were 
assumed using coefficients from the literature [8].  Similarly, the rear contact angle θr 
was assumed equal to zero.  These parameters are given in Table 4.6. 
Table 4.6 Additional Bekker parameter values used for wheel simulations. 
Parameter [unit] Value 
a0 [-] 0.18 
a1 [-] 0.32 
θr [rad] 0 
  
 The Bekker method is extremely efficient to solve, requiring about 43 ms to solve 
for a given slip ratio and normal load on a 1.6 GHz laptop computer [81].  It should be 
noted that unlike the dynamic Bekker and discrete element methods, the Bekker method 
solves for a steady-state relationship as opposed to a dynamic time series.   
4.3.2.2 Dynamic Bekker Method 
 The dynamic Bekker method used the same Bekker parameters listed in Table 4.1 
and Table 4.6.  The added capability of the dynamic method also adds complexity to its 
computation.  Since the dynamic method computes a time series, there is a need to select 
a simulation time step.  A convergence analysis was performed by evaluating the steady 
state wheel sinkage at varying time step values, shown in Figure 4.9.  A time step 
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between 1x10-3 and 1x10-4 was found to achieve convergence.  The figure also displays 
the computation cost of a reduced time step. 
 The number of soil nodes, or node spacing, was also evaluated using a similar 
convergence analysis, shown in Figure 4.10.  Steady state wheel sinkage converges for 
300 or more nodes, corresponding to a node spacing of 3.3 mm or less.  The figure also 
shows the computation cost of increasing the number of nodes.  This cost is a result of an 
increased number of bodies that must be examined during collision detection. 
  
Figure 4.9 Dynamic Bekker convergence analysis for simulation time step.  Simulation 
time is the cpu time per one second of simulation. [106] 
 
  
Figure 4.10 Dynamic Bekker convergence analysis for number of nodes (node spacing).  
Simulation time is the cpu time per one second of simulation. [106] 
 A rendering of the dynamic Bekker model, implemented in Chrono [107], is 
shown in Figure 4.11.  The computation times given in Figure 4.9 and Figure 4.10 
correspond to the cpu seconds per simulation second on a single core of an AMD 




Figure 4.11 A rendering of the dynamic Bekker model. [106] 
4.3.2.3 Discrete Element Method 
 Wheel tests were simulated using the discrete element method using the 
parameters found by simulating the direct shear and pressure-sinkage soil tests, shown in 
Table 4.2.  The DEM wheel consists of many 1 cm diameter particles that overlap to 
approximate a smooth surface.  The typical distance between particles was 75 % of the 
particle radius.  The wheel particles were grouped together to act as a single rigid body, 
similar to the flat plate used in direct shear simulations.  The wheel was constrained so 
that it could only translate in the longitudinal and vertical directions and rotate in the y-
axis, similar to the experimental conditions.  A rendering of a DEM wheel simulation is 
shown in Figure 4.12 for 50% slip ratio.   
 The soil bed had approximately the same dimensions as the experimental facility, 
requiring about 300,000 particles.  The soil bed was constrained in the x and y 
dimensions by fixing the position of soil particles along the border, outside of the soil bed 
(not pictured in the figure).  At the beginning of the simulation, the wheel was placed at 
one end of the soil bed and given 0.5 seconds to rest.  Afterwards a force in the x-
direction and a y-axis torque were applied for 1 second to ramp-up the longitudinal and 
angular velocities to their desired value.  The wheel was then simulated for a travel 
distance of 0.7 m, or until steady state was reached.  At high slip ratios the longitudinal 




Figure 4.12 DEM wheel simulation at 50% slip (soil shading indicates elevation). [106] 
Table 4.7 DEM wheel test settings and parameters. 
Parameter [unit] Value 
soil bed dimensions [mm] 600 x 1,000 x 160 (W x L x H) 
number of soil particles ~300,000 
number of wheel particles ~12,000 
time step [sec] 2.2x10-6 
  
 Because the experimental wheel was covered with soil, the soil parameters were 
also used to describe the wheel-soil interaction.  Simulations were run on 8 cores, using 4 
Intel Xeon 5160 processors, on a single server blade.  On average the computation rate 
was 8.5 hours of computation time per simulation second at a time step of 2.2 μs.  Given 
the time required to simulate each slip ratio (e.g. 166 hours per 19 second simulation, 
using 8 cores), only one simulation was performed for each slip ratio. 
4.3.3 Simulation Results 
 Steady-state performance results were calculated by averaging the last several 
seconds of data, for both simulated and experimental results.  Steady state results for 
drawbar pull, driving torque, and sinkage are compared in Figure 4.13 and Figure 4.14.  
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Results for drawbar pull and driving torque show similar trends.  DEM provides the best 
fit of the experimental results, both quantitatively and qualitatively.  The Bekker method 
has similar results as DEM for large positive and negative slip ratios, but the error is 
significantly larger near zero slip.  The differences between the dynamic and original 
Bekker methods, which use essential the same equations, can be attributed to 
implementation of the dynamic method and soil discretization. 
  
Figure 4.13 Simulated drawbar pull at steady-state compared to experimental sinkage, 
with experimental standard deviation bars. [106] 
 
       
Figure 4.14 Simulated driving torque and sinkage at steady-state compared to 
experimental sinkage, with experimental standard deviation bars. [106] 
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 When examining the wheel sinkage results it is important to recall the 
measurement uncertainty inherent in the test rig.  Standard deviation bars are shown for 
experimental results to better illustrate this uncertainty.  Given the measurement 
uncertainty, it is still possible to compare the three terramechanics methods using overall 
trends.  DEM better matches the trend of the experimental results over the range of slip 
ratios, though the percent error for the Bekker methods can be smaller at certain slip 
ratios. 
 When considering the performance of the Bekker model the role of parameters K, 
a0, and a1, should be further discussed. The shear deformation parameter K, as measured 
through Bekker parameter tuning in this chapter, is extremely low when compared to 
values for similar soils found in the literature [8]. This discrepancy is not due to different 
intrinsic behavior of the material but it is a consequence on how the shear deformation 
parameter is calculated [124]. Utilizing Wong’s approach for calculating K would yield a 
larger value, which would improve Bekker model predictions at low slip. Moreover, it 
should be noted that parameters a0 and a1 are taken from the literature and they may not 
be representative of the wheel-terrain configuration under investigation. Slip-sinkage 
behavior is sensitive to these parameters and better agreement between experimental data 
and the Bekker model may be obtained if a0 and a1 were available. However, it should be 
noted that these parameters can only be calculated through wheel experiments and they 
cannot be derived from soil tests (e.g. bevameter). 
 The dynamic Bekker method and DEM can be compared using time-series data in 
addition to steady-state values.  Four seconds of drawbar pull and driving torque time-
series data are shown in Figure 4.15.  The experimental results show low frequency 
periodicity which reflects the periodic failure pattern within the soil.  Other researchers 
have shown similar behavior for wheel tests on sandy terrain [20] [125] [88] [123].  The 
dynamic Bekker method models the soil as essentially a nonlinear spring without 
damping, and as a result oscillates at a high frequency.  DEM results have a lower 
frequency periodicity with higher amplitude compared to experimental data, which may 




Figure 4.15 Drawbar pull and driving torque time series comparisons of experiment and 
dynamic terramechanics models.  Time shown is a 4 second window randomly selected 
during steady-state operation. [106] 
4.3.4 Bekker Tuned using DEM 
 Without wheel experimental data, it appears that Bekker methods are likely to 
produce significant errors, at least for small vehicles, due to their reliance on several 
empirical parameters.  Given the computational limitations of DEM, it is desirable to use 
the Bekker method when possible.  In situations where the capabilities of the Bekker 
method are sufficient, it may be possible to create a DEM simulation which could be used 
to tune the Bekker parameters.  To better illustrate this point, and show the flexibility of 
the Bekker method, parameters were determined through combined least squares 
minimization of DEM drawbar, driving torque, and sinkage data (shown in Table 4.8).   
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Table 4.8 Bekker parameter values determined by fitting to DEM results. 
Parameter [unit] Value 
c [Pa] 96.240 
ϕ [rad] 0.606 
K [m] 4.534x10-3 
k [Pa] 2.305x104 
n [-] 0.418 
a0 [-] 0.09 
a1 [-] 0.90 








       
Figure 4.17 Bekker fit of DEM driving torque and sinkage. [106] 
 The resulting drawbar, driving torque, and sinkage curves using the DEM-tuned 
Bekker parameters are shown in Figure 4.16 and Figure 4.17.  The figures show close 
agreement with the DEM results, thereby reducing the Bekker method error.  Agreement 
is worse for negative slip values, especially regarding sinkage.  
4.4 Conclusions 
 Three common terramechanics modeling methods were evaluated by selecting 
parameter values from soil tests and comparing steady state wheel performance with 
experimental data.  Time series experimental results were also compared to the two 
dynamic terramechanics methods.  The results from this chapter give better insight into 
the advantages and disadvantages of each method, while providing a direct comparison of 
prediction accuracy. 
 The Bekker method results showed why it continues to be used and developed by 
researchers.  Parameter selection from both soil tests provided a simple, efficient method 
for parameter selection.  With only a few additional parameters that could not be derived 
from the soil tests, the Bekker method generated wheel test results with reasonable 
qualitative agreement.  If wheel data is available then many of the parameter values can 
be chosen to greatly reduce quantitative error.  However if wheel data is already available 
then the need for a terramechanics model is greatly reduced.   
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 The discrete element method produced more accurate wheel performance, both 
quantitatively and qualitatively, compared to both Bekker methods.  This accuracy came 
with a large penalty in computation effort and efficiency.  Significant time and effort was 
required to fit both direct shear and pressure-sinkage results using a single set of DEM 
parameters.  Once parameter values were determined, each wheel simulation required 68 
cpu hours per one simulation second.  It should be noted that DEM has significantly 
greater simulation capabilities than either Bekker method.  It is possible, for example, to 
model a more complex wheel shape digging into the soil [58].  In addition to average 
value steady-state agreement, DEM also showed similar time-series results.  The periodic 
nature of the wheel-soil interaction can be useful in areas such as full vehicle multibody 
analysis and selection of electronic powertrain components.  Further study is required to 
determine methods of improving the accuracy of the periodic signal.   
 While the Bekker method can be tuned to match DEM results for single wheel 
locomotion on flat, level ground, it is still uncertain how well the dynamic Bekker 
method can model multibody vehicle simulations and rough terrain.  Comparison of 
DEM and the dynamic Bekker method for these conditions remains an area of future 





 Two terramechanics methods were described and improved upon in the previous 
chapters, the Bekker method and the discrete element method.  Both methods have 
drawbacks which limit their applicability to vehicle design and control.  The Bekker 
method, while computationally inexpensive, was considerably more inaccurate at 
predicting wheel performance and is not well suited to model vehicle dynamics or rough 
terrain locomotion.  DEM is limited by its high computational resource requirements, 
however it provides considerable flexibility in modeling various soil types, wheel shapes, 
and terrain topography.  The Bekker method has been refined for more than 60 years; 
techniques to overcome its inherent limitations are unlikely to be achieved.  However, 
DEM continues to evolve, with the chief limitation being computation power.  Recent 
advances have shown DEM techniques to model both saturated soil, rock fracturing, 
concrete, powder compaction, and more [126] [127] [128] [129] [130].   
 Many engineering fields rely on accurate, high-fidelity, computationally 
expensive simulations which hinder system design and control.  A common technique is 
to develop a surrogate model, which can represent the expensive model but at a 
significantly reduced computation cost.  Surrogate models have been used in a wide 
range of fields, such as circuit design, aerodynamic shape optimization, structural health 
monitoring of bridges, structural dynamic responses, multi-objective energy system 
optimization, air quality modeling, and lithium-ion battery modeling [131] [132] [133] 
[134] [135].  In this chapter a surrogate model for the discrete element method (S-DEM) 
is developed, which reproduces much of the capability of the original DEM model but at 
a significantly reduced computation cost.  The goal is to develop a surrogate model that is 
suitable for use in vehicle design, and may also be efficient enough for use in control 
applications.   
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5.1 Literature and Inspiration 
 Inspiration for the development of a surrogate model for DEM was largely the 
result of three techniques from the literature: non-physics based computer graphics 
simulators, an experimental data model used to simulate legged locomotion, and a mixed 
empirical-FEM model.  In computer graphics simulators there is a need to quickly model 
granular soil interactions that appear realistic.  Several researchers have developed 
techniques to model these interactions at interactive frame rates by including only limited 
physics modeling [136] [137] [138].  While these models cannot be expected to 
accurately model the physics of wheel-terrain interaction, their realistic images and 
extremely fast computation speeds were an inspiration. 
 Most terramechanics methods only consider wheel or track locomotion, however 
a recent work developed a method for modeling curved legged locomotion [139].  The 
researchers assumed the interactions along the leg could be discretized and approximated 
as small flat plates.  Experiments were conducted to determine the plate-soil interaction 
force as a function of plate heading, angle, and depth.  The resulting plate force tables 
were used to model the locomotion of a 6-legged vehicle on granular soil.  The idea that 
the running gear-soil interaction could be stored in a table as a function of only a few 
variables was inspirational. 
 FEM has many of the benefits of DEM, such as the ability to model soil dynamics 
and sub-surface soil stresses.  While FEM has a lower computation cost than DEM, it is 
still expensive for vehicle design and prohibitive for most control applications.  Recent 
works have shown that by assuming soil velocity (strain) of the FEM nodes at and away 
from the wheel-soil interface, the resulting soil stresses can be calculated extremely 
quickly [140] [141].  This technique was used to reproduce Bekker method results for 
rover wheel-soil locomotion with fast computation speeds.  The idea to assume, or 
approximate, soil velocities as a means for reducing computation cost was inspirational. 
 In the literature only one example of a surrogate model for the discrete element 
method could be found [142].  The researchers proposed a combination of principal 
component analysis and surrogate-model mapping, and evaluated their technique using a 
case study that identified the optimal design and operating conditions of a powder mixing 
process.  The surrogate model presented in this chapter was developed before the 
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discovery of this paper in the literature.  The techniques for surrogate model development 
and application shown in this chapter and in the literature are quite different, and only 
bolster the argument for future surrogate DEM model development. 
5.2 Surrogate DEM Overview 
 The Surrogate DEM (S-DEM) model must perform two functions in order to be 
useful: reproduce many of the key characteristics and capability of DEM, and be 
significantly more computationally efficient.  S-DEM must be capable of performing 
vehicle dynamics simulations over rough soil with numerical performance similar to 
DEM in order to remain advantageous compared to the Bekker method.  The high 
computation cost for DEM is largely the result of needing to perform collision detection 
for each soil particle, and needing a small time step to keep the simulation stable.  Rather 
than using particle-particle interactions, such as DEM, or a nodal mesh, such as mesh-
based FEM, S-DEM defines the soil using a point cloud (similar in some respects to 
meshless FEM).  Each point simply represents the location of soil; it does not represent a 
free body.  S-DEM can reduce computation cost by not performing particle-particle 
interaction computations, thus eliminating the need for collision detection while 
increasing the minimum time step.  At this stage S-DEM is implemented for 2-
dimensions only, however in concept the method can be expanded to 3D.  The decision to 
use 2D was made to allow for faster DEM simulations and to decrease the complexity of 
S-DEM during development. 
 In order for S-DEM to retain the desired simulation capabilities, it must be able to 
predict the wheel-soil interaction forces/torques and predict the resulting soil dynamics.  
It was hypothesized that the wheel-soil interaction forces and the soil velocities could be 
determined independently, reducing the model complexity.  Furthermore, both the wheel-
soil interaction forces and the soil dynamics are assumed to be dependent upon a few key 
variables: position relative to the wheel, wheel state (linear and angular velocities), and 
soil profile height.  In broad terms, S-DEM consists of two lookup tables, one for the 
wheel-soil interaction forces and the other for soil velocities surrounding the wheel.  In 
order to populate the lookup tables, DEM simulations are needed which can provide 
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information for all conditions (wheel velocities, relative soil positions, soil profile 
heights) and for a given wheel and soil type.   
 Figure 5.1 shows an overview of the stages involved in building, implementing, 
and validating S-DEM.  Stage (a) displays an example DEM simulation used to build the 
S-DEM lookup tables.  The wheel moves at a constant linear and angular velocity for a 
long enough period of time that a wide range of soil profile data points are generated.  
Stage (b) illustrates post-processing of the DEM simulation data produced in the previous 
stage, creating both the wheel-soil interaction table and the soil velocity table.  Stage (c) 
shows an example implementation of the S-DEM tables.  The tables are used to simulate 
wheel locomotion, unlike the simulations used to generate the lookup tables which were 
at constant velocity.  Stage (d) displays an example DEM simulation of wheel locomotion 
used to validate S-DEM.  Stages (a) through (c) are described in further detail in the 
following subsections. 
 
Figure 5.1 Outline of the Surrogate DEM procedure. (a) constant-velocity motion DEM 
simulations used to build the S-DEM tables.  (b) post-processing the DEM simulations to 
build the wheel and soil tables.  (c) implementation of the tables to run a S-DEM 
simulation.  (d) DEM locomotion simulation used to for validation. 
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5.2.1 Constant-Velocity Motion Simulations 
 S-DEM relies upon lookup tables with several dimensions including wheel state 
(linear and angular velocities) and soil state (position relative to wheel, profile height).  
DEM simulations are required to generate the data necessary to build these lookup tables.  
Given a specific wheel and soil combination, DEM simulations can be run with constant 
wheel velocity (vertical, longitudinal, and angular).  Because wheel-soil interaction 
forces and soil motion depend in part on the relative soil profile height, the DEM 
simulations must run long enough to produce a wide range of soil profiles.  This means 
the DEM simulations must include the minimum and maximum soil profile heights, 
which can result in simulations where the wheel is significantly above or below the soil 
surface, respectively.  In addition to restrictions placed on wheel position due to soil 
profile heights, it is necessary to simulate the wheel at its minimum distance from the soil 
floor.  This value depends on the expected maximum sinkage during locomotion for a 
given soil profile. 
 
Figure 5.2 Initial wheel positioning for the constant-velocity motion DEM simulations.  
Initial positions for simulations with positive and negative vertical velocity are shown. 
 Figure 5.2 shows the initial wheel position for both positive and negative vertical 
velocity DEM simulations.  The wheel must start at its lowest expected position for 
positive Vz simulations.  By the end of the simulation the soil profile height surrounding 
the wheel will have gone from its maximum to its minimum.  It is also important to keep 
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the wheel far enough from the simulation boundary walls to limit edge effects.  A 
distance of 0.39 m, equal to 6 times the wheel radius, was chosen for the boundary 
distance as a compromise between simulation time (larger distances increases the number 
of soil particles) and reduction of edge effects.  Table 5.1 lists the various constant-
velocity simulation settings.  Simulation length is a function of the vertical velocity, thus 
the simulations length ranges from 14.5 to 58 seconds.  Soil box length is a function of 
the longitudinal velocity, thus the soil box length varies from 0.88 to 2.91 m.  Wheel 
velocity values were chosen for use in S-DEM simulations corresponding to locomotion 
at 17 deg/s and slip ranges from -70 to 70%.  All combinations of wheel velocities were 
simulated, resulting in a total of 108 DEM simulations.  It should be noted that it is not 
possible using the current simulation method to perform a simulation at zero vertical 
velocity.   
Table 5.1 Constant-velocity DEM simulation settings 
Parameter Value 
longitudinal velocity [m/s] 0.0, 0.007, 0.014, 0.021, 0.028, 0.035 
vertical velocity [m/s] -0.01, -0.00625, -0.0025, 0.0025, 0.00625, 0.01 
angular velocity [deg/s] 0, 15, 20 
soil box height [m] 0.155 
minimum floor distance [m] 0.03 
minimum soil profile [m] 0.02 
minimum distance  
to walls [m] 
0.39 
soil box length [m] 0.88 - 2.91 
soil box width [m] 0.03 
simulation length [sec] 14.5 - 58 




 All DEM simulations, both constant-velocity motion and locomotion validation, 
are performed in quasi-2D as illustrated in Figure 5.3.  As mentioned before, performing 
simulations in quasi-2D allows for shorter DEM computation times while reducing the 
complexity of S-DEM during development.  Quasi-2D was achieved by performing a 3-
dimensional simulation where one dimension is very narrow.  This effect was created by 
using fixed boundary walls in the y-axis with zero friction.  Simulations were performed 
in quasi-2D rather than 2D to minimize the effect on macro soil properties relative to 3D 
(e.g. void ratio, pressure-sinkage relationships).   
 
Figure 5.3 Illustration of a constant-velocity motion DEM simulation.  The camera angle 
highlights the quasi-2d nature of the simulation. 
 
 Figure 5.4 shows example constant-velocity simulations at their beginning and 
end, for both positive and negative vertical velocities.  These simulations were performed 
at a longitudinal velocity of 14 mm/s, zero angular velocity, and a vertical velocity of +/- 
10 mm/s.  It should be noted that the wheel does not move above the soil crest at the end 
of the positive vertical velocity simulation, as was intended.  This behavior creates 
incomplete lookup table values which, like all incomplete values, were interpolated 
before implementation.  The figure also shows possible longitudinal edge effects, e.g. the 
simulation wall inhibits particle motion.  The constant-velocity simulations were not 
modified because the edge effect may also influence the wheel locomotion validation 
simulations, which were run using the same length as in the previous chapter.  Edge 
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effects appear to be more pronounced for the quasi-2D simulations performed in this 
chapter compared to the 3D simulations performed in the previous chapters. 
 
Figure 5.4 Example constant-velocity simulations with negative (top) and positive 
(bottom) wheel vertical velocity. 
5.2.2 Soil Velocity Table Creation 
 Once the constant-velocity motion DEM simulations have been performed, they 
must be post-processed to build the necessary S-DEM tables.  The process of converting 
from DEM simulation to soil velocity table is outlined in Figure 5.5.  Stage (a) shows the 
original DEM simulation, where particle colors reflect the soil velocity magnitude.  DEM 
uses a very short time step, on the order of 1e-6, while particle-particle contact can occur 
at a high frequency.  As a result the particle forces and velocities at any one time step 
may not well represent the interaction behavior over time.  One technique to accurately 
represent the behavior would be to output DEM information frequently, however this 
would lead to large and unmanageable data sets.  Instead, particle states (soil particle 
positions and velocities, wheel particle positions and forces) are averaged over several 
time steps and output at regular intervals.   
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 Particle states were averaged over a period corresponding to wheel travel of 0.25 
mm, thus states were averaged over a greater number of time steps for slow velocity 
simulations.  It was necessary to average over a short travel distance so that wheel forces 
corresponded closely to wheel-soil contact.  If averaged over too long a period the input-
output relationship would be lost.  Outputting particle position and velocity every 0.25 
mm would create extremely large data files that would require long post-processing 
times.  Instead, averaged particle state values were output at intervals corresponding to 
wheel travel of 2.5 mm.  While stage (a) illustrates the original DEM simulation, stage 
(b) illustrates averaged soil particle positions and velocities output from the DEM 
simulation. 
 
Figure 5.5 Outline of velocity mapping method.  (a) constant-velocity motion DEM 
simulation.  (b) output from DEM consists of time-averaged particle states.  Particles are 
colored based on velocity magnitude.  (c) conversion from particles to grids.  (d) table 
velocity values (SVx, SVz) are created by determining the input values (Wω, WVx, WVz, Δx, 
Δz, profile) for each table dimension. 
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 The soil velocity lookup tables store the soil velocity (one table for x-axis velocity 
SVx, one table for z-axis velocity SVz) as a function of several states: wheel x-velocity WVx, 
wheel z-velocity WVz, wheel angular velocity Wω, position relative to the center of the 
wheel (Δx and Δz), and the soil profile height relative to the wheel center (profile).  In 
determining the key independent variables for soil velocity, relative position and wheel 
velocity are essential (i.e. the velocity of soil particles at locations along the wheel 
depends on the wheel velocity).  Soil profile was chosen as an independent variable to try 
to capture the change in soil profile resulting from wheel motion.  As a surrogate model it 
is important to limit the number of independent variables, and it was hypothesized that 
these six variables would capture the most important soil dynamics.  The soil velocity 
tables are described analytically below: 
 ( ), Soil Tables: S , , , , ,Vx Vz Vx Vzf W W W x z profileω= ∆ ∆   (3.23) 
 In the process of building the soil velocity lookup tables, soil velocity locations 
were converted from discrete particle values to regularly spaced grid values.  Stage (c) of 
Figure 5.5 shows an overlay of the regularly spaced grid which corresponds to the Δx and 
Δz locations in the lookup table, where each grid is shaded according to the average 
velocity of the soil particles contained within its boundaries.  The grid has a width and 
height of 0.39 m, equal to 6 times the wheel radius, with 4 mm cell spacing.  While a 
finer cell spacing may produce greater lookup table fidelity, there is a tradeoff in 
computer memory.  Soil profile was estimated by rounding to the largest non-empty Δz 
cell for each Δx.  Stage (d) shows an example soil velocity data point with its input 




Figure 5.6 Sectioning of the soil table into regions to account for the discontinuity created 
by the wheel. 
 When the wheel sinks far enough that soil is on the top of the wheel, this creates a 
discontinuity in soil profile (there are two soil profiles, one above the wheel and one 
below).  To account for this discontinuity the soil tables are segmented into four regions: 
Bottom, Top, Left, and Right, as illustrated in Figure 5.6.  The relative position 
boundaries of each region are given in Table 5.2.  The four regions were the minimum 
number required to account for the soil profile discontinuity. 
Table 5.2 Relative position boundaries of the four soil table regions 
Region Δx range Δz range 
Bottom [- radius, radius] [- maximum, zero] 
Top [- radius, radius] [zero, maximum] 
Left [- maximum, - radius] [- maximum, maximum] 
Right [radius, maximum] [- maximum, maximum] 
  
 Output from the DEM simulations does not provide data at all table locations for a 
variety of reasons.  As an example, for positive vertical velocity simulations the initial 
soil profile does not reach the maximum Δz value.  Given the 4 mm Δz spacing, it is also 
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possible that the soil profile would change rapidly enough between consecutive DEM 
outputs that a Δz location could be skipped.  After post-processing all constant-velocity 
DEM simulations the soil velocity tables may be sparse.  In order to allow for efficient 
implementation, table values were smoothed and empty data points were estimated. 
5.2.3 Wheel Force Table Creation 
 S-DEM relies on two types of tables: soil velocity and wheel-soil force tables, 
both of which are generated by extracting information from constant-velocity motion 
DEM simulations.  An overview of the process of creating wheel-soil force tables is 
shown in Figure 5.7, which has many similarities to the soil table creation process.  The 
first step in the process involves performing the constant-velocity motion DEM 
simulations.  Stage (a) displays the wheel during a simulation, rotated to highlight the 
quasi-2D nature of the DEM simulations used in the development of S-DEM and to show 
the discrete nature of particle contact during DEM simulations.  Particle colors reflect the 
wheel-soil particle force magnitude.  As was done for soil velocity output, wheel particle 
states (position and wheel-soil force) were averaged over several time steps and output at 
regular intervals.  Averaging particle states over a period of wheel travel corresponding to 
0.25 mm helped provide a more representative snapshot of the wheel-soil interaction 
forces.  While stage (a) illustrates the original DEM simulation, stage (b) illustrates the 




Figure 5.7 Outline of force mapping method.  (a) constant-velocity motion DEM 
simulation.  (b) output from DEM consists of time-averaged particle states.  Particles are 
colored based on wheel-soil force magnitude.  (c) conversion from particle force values 
to angle-based grid pressure values.  (d)  table force values (SFx, SFz) are created by 
determining the input values (Wω, WVx, WVz, θ, profile or height) for each table 
dimension. 
 The wheel force lookup tables store the wheel-soil interaction force (one table for 
x-axis force SFx, one table for z-axis force SFz) as a function of several states: wheel x-
velocity WVx, wheel z-velocity WVz, wheel angular velocity Wω, angular position along 
the wheel θ, and either the soil profile height relative to the wheel center (profile) or the 
wheel center height relative to the soil floor (height).  In determining the key independent 
variables for wheel-soil force, angular position and wheel velocity are essential (it is 
expected that the wheel-soil interaction has some rate dependence, especially 
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corresponding to angular velocity).  Due to the vertical discontinuity caused by the wheel 
(described in the previous section), the wheel tables are segmented into two regions: 
Bottom and Top.  These two regions are sufficient to cover the entire range of angular 
positions along the wheel, and do not require the Left and Right regions from before.  For 
the Bottom region it was hypothesized that the reaction force developed by the soil would 
be strongly influenced by the relative distance to the floor (shown as “height” in the 
figure).  For the Top region it was hypothesized that the reaction force developed by the 
soil would be strongly influenced by the wheel depth relative to the soil surface (shown 
as “profile” in the figure).  Therefore, the final independent variable for the Bottom and 
Top region was the wheel height and soil profile, respectively.  It was hypothesized that 
these five variables would capture the most important wheel-soil interaction dynamics.  
The wheel-soil interaction force tables are described analytically below: 
 ( ), Wheel Tables: S , , , , /Fx Fz Vx Vzf W W W profile heightω θ=   (3.24) 
 In order to populate the wheel tables, information is extracted from each constant-
velocity (fixed Wvx, Wvz, and Wω) DEM simulation at regular intervals.   DEM outputs 
the wheel-soil interaction force for each particle, however for use in S-DEM this must be 
smoothed and converted to pressure (in two-dimensions this corresponds to force per unit 
arc length).  The first step in this process is to average the wheel particle force values 
along the y-axis, in order to convert from the quasi-2D DEM output to true 2D.  
Determining the corresponding arc length for a given contact force was approximated by 
assuming continuous contact for wheel particles that overlapped.  Stage (c) shows the 
pressure magnitude after conversion from the discrete wheel-soil interaction forces.  It 
should be noted that the single wheel particle with a non-zero force did not result in a 
pressure value since it was too far removed from another non-zero force.  At each 
discretized angular position θ along the wheel all of the input dimensions of the soil table 
are known except for the soil profile, which is interpolated.  Finally, the wheel table is 
populated at all non-empty θ locations where soil contact occurs.  Stage (d) shows an 
example data point with its input dimensions highlighted.   
 As with the soil tables, output from the DEM simulations does not provide data 
for all table locations for a variety of reasons.  For example, not all soil profiles values 
may exist for a given simulation (e.g. for positive vertical velocity simulations the initial 
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soil profile was high enough to populate the largest profile table value).  Additionally, 
there is no promise that soil will be in contact with every wheel location at all times 
during the simulation (e.g. when the wheel moves forward, the rearward side of the wheel 
may not be touching soil).  After post-processing all constant-velocity DEM simulation 
the wheel force tables may be sparse.  In order to allow for efficient implementation, 
table values were smoothed and empty data points were estimated. 
 A few important details in the development of the wheel tables should be noted.  
The use of wheel height above the soil floor assumes that the wheel tables will not be 
applied to soil with a soil bin height greater than was used in the constant-velocity DEM 
simulations.  In addition, this technique does not necessarily capture the relationship 
between wheel sinkage and soil reaction force for soil profile heights different from that 
used in the constant-velocity simulations.  Wheel height was chosen as an independent 
variable, rather than wheel sinkage, due to the difficulty in determining the correct value 
for sinkage during a wheel locomotion simulation over rough terrain.  Not incorporating 
wheel sinkage may have negatively influenced S-DEM simulation results, and is a 
possible area of future development.  It should also be noted that the wheel tables include 
only the wheel-soil interaction force; they are not influenced by the mass of the wheel.  
This property is essential for S-DEM multibody dynamics simulations where the normal 
load acting on the wheel will vary. 
5.2.4 Table Implementation 
 S-DEM simulations can be performed after the wheel and soil tables have been 
created using information from the constant-velocity motion DEM simulation output.  
First, the simulation environment is populated with a grid of soil points (soil points 
simply represent the location of soil, they do not represent a free body, and they do not 
have size).  When simulating wheel locomotion it is only necessary to build points along 
the profile since wheel-soil interaction forces only occur on the wheel surface.  Next, the 
wheel is placed in the simulation environment.  For wheel locomotion simulations the 
wheel is treated as a free body, so it is necessary to have soil points below the wheel.  
Figure 5.8 shows a screenshot of an S-DEM wheel locomotion simulation.  The velocity 
of each soil point is interpolated using the soil velocity tables.  Wheel forces are 
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interpolated at discrete θ locations where soil particles contact the wheel.  Stage (b) 
highlights the input values necessary for wheel force and soil velocity interpolation.   
 
Figure 5.8 Screenshot of S-DEM with implementation details.  (a) S-DEM simulation of 
wheel locomotion. (b) magnification shows inputs to wheel force and soil velocity tables. 
 
 Figure 5.9 provides a flow chart of the general S-DEM computation procedure for 
a given time step.  While the figure covers the general computation outline, particularly 
the use of the wheel and soil lookup tables, there are some additional details.  Wheel 
locomotion simulations, for both DEM and S-DEM, are run at constant longitudinal and 
angular velocities.  DEM simulations use a short enough time step that the longitudinal 
velocity can be maintained by applying a longitudinal force using a proportional 
controller with a large gain, while the angular velocity can be maintained by applying a 
torque using a proportional controller with a large gain.  In the interest of computational 
efficiency, S-DEM simulations use a much larger time step, necessitating an integral 
controller to maintain longitudinal velocity.  S-DEM simulations use a fixed angular 
velocity, rather than maintain it using a controller torque.  The wheel-soil reaction torque 
that occurs during S-DEM simulations is assumed to equal the driving torque required to 
maintain the desired angular velocity. 
 One of the major assumptions in developing S-DEM is that constant-velocity 
DEM simulations can be used to extract soil velocity as a function of wheel state.  During 
the DEM simulations soil motion is almost entirely a result of wheel-soil interaction (soil 
remains in contact with the wheel until the wheel moves above the soil profile, and the 
soil exhibits negligible inertia).  A modification is necessary with S-DEM however to 
prevent soil motion without sufficient wheel-soil interaction.  Soil positions are not 




Figure 5.9 Flowchart of S-DEM computation procedure. 
 New soil point positions, after being updated using the soil velocity tables, are 
generally outside the wheel.  Since the soil velocity tables do not guarantee that soil 
points will remain outside the wheel, occasionally it is necessary to modify the point 
locations.  After velocity integration, soil points within the wheel were moved radially 
away from the wheel center, allowing no more than 0.5mm penetration.   
 The final modification necessary is the result of a limitation in the simulation 
method used to create the lookup table data.  Using the current method, it is not possible 
to simulate zero vertical velocity because the soil profile for the constant-velocity 
simulations is flat, and it is necessary for the wheel to be simulated above and below the 
soil surface.  The need to interpolate the wheel-soil interaction force and soil velocity S-
DEM tables becomes problematic when simulating wheel locomotion.  Small differences 
between the force and velocity values stored in S-DEM lookup tables and the true DEM 
values can produce errors that become large when integrated over a long enough period 
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of time.  When simulating wheel locomotion the wheel’s vertical velocity was rounded to 
zero for values within 5% of the longitudinal velocity, as a way to avoid near-zero 
interpolation errors.  Modifications to the S-DEM method, particularly in the setup of the 
constant-velocity simulations, will be investigated in the future to avoid the need to 
round. 
5.3 Simulation Specifications 
 Mojave Martian Simulant was chosen as the test soil.  A smooth cylindrical wheel 
was chosen to simplify S-DEM development, avoiding three-dimensional shape effects 
and the influence of grousers.  The wheel was scaled down to reduce DEM simulation 
time, while its mass was proportionally reduced.  Details for both DEM and S-DEM 
simulations are provided below. 
5.3.1 DEM 
 As was performed in the previous chapter, large soil bodies were created by 
packing a small rectangular prism, which was duplicated along the x-axis.  Because the 
DEM simulations were intended to be pseudo two-dimensional, the y dimension was 
reduced to 30 mm and restricted using fixed boundary walls.   The DEM soil 
parameters, shown in Table 5.3, are slightly modified from those of the last chapter.  It 
was determined through trial and error that simulating in quasi-2D (as opposed to 3D) 
required a reduction in coefficient of restitution to prevent large stress concentrations 
away from the wheel, which can result in brief “particle explosions.”  As a result of the 
restricted y-axis motion, soil particles could not move to reduce stress until the stress 
reached extremely large values.  These large stresses resulted in brief periods of large 
displacement or projectiles away from the wheel.  It was found that reducing the 
coefficient of restitution prevented these explosions while displaying reasonable soil 
macro behavior.  Simulation time step remained at 2.2e-6 seconds. 
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Table 5.3 DEM soil parameters 
Parameter Value 
particle diameter [mm] 2.5 - 10 
particle density [g/cm3] 3.182 - 3.340 
bulk density [g/cm3] 1.6 
Y [Pa] 7.0x107 
ν [-] 0.35 
μc [-] (particle, wall) 0.86, 0.0 
μr [-](particle, wall) 6.75x108, 0.0 
e [-](particle, wall) 0.06, 0.06 
  
 The wheel used for these simulations is essentially a scaled-down 2D version of 
the wheel from the previous chapter.  The wheel width was reduced to 30 mm for use in 
the quasi-2D environment.  The wheel radius was reduced to 65 mm to limit the distance 
of travel required in the constant-velocity DEM simulations, thereby reducing the 
simulation time and output data size.  The wheel mass was proportionally scaled to 0.55 
kg. 
5.3.2 S-DEM 
 S-DEM has remarkably few parameters or settings; it primarily consists of the 
lookup tables.  The integral controller gain used to regulate longitudinal velocity has a 
gain of 300, which was found through trial and error to keep velocity errors low while 
keeping the applied longitudinal force smooth.  The simulation time step was 7e-4 
seconds.  Shorter time steps produced nearly identical results. 
5.4 S-DEM Validation 
 To determine the effectiveness of S-DEM at capturing the desired DEM 
simulation characteristics and its computation efficiency, wheel-locomotion simulations 
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were performed using DEM and S-DEM over smooth, flat terrain and over rough terrain.  
Simulations were performed using the same wheel specifications as used for the constant-
velocity simulations.  Simulation parameters for both DEM and S-DEM are listed in 
Table 5.4.  DEM simulations were run on 8 cores, using 4 Intel Xeon 5160 processors on 
a single server blade.  S-DEM simulations were run on 1 core of an Intel i7-2820QM 
processor. 
Table 5.4 Validation simulation parameters 
Field Parameter Value 
General   
 angular velocity [deg/s] 17 
 slip ratios [-] -0.7, -0.5, -0.3, -0.1, 0.0, 0.1, 0.3, 0.5, 0.7 
 wheel width [m] 0.03 
 wheel radius [m] 0.065 
 wheel mass [kg] 0.55 
 
DEM   
 soil bed dimensions [m] 0.03 x 1.22 (W x L) 
 time step [sec] 2.2e-6 
 number of soil particles [-] ~11,500 
 number of wheel particles [-] 600 
S-DEM   
 soil point spacing [m] 0.0025 
 number of soil points ~1,100 
 integral gain [-] 300 
 time step [sec] 7e-4 
  
5.4.1 Smooth Soil Validation 
 Wheel locomotion was simulated on smooth, flat, level soil to determine how well 
S-DEM matched DEM performance in steady-state.  Example time series plots of 
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drawbar pull, driving torque, and wheel sinkage at -50% and 50% slip ratio are shown in 
Figure 5.10 for both DEM and S-DEM simulations.  During S-DEM simulations the 
wheel reaches near-zero vertical velocity, at which point the vertical velocity is rounded 
to zero.  Operating at near constant velocity, the lookup tables used in S-DEM produce a 
near constant value for wheel-soil force interactions.  As a result the S-DEM values for 
drawbar pull, driving torque, and sinkage do not exhibit similar time-series behavior 
compared with DEM.  Wheel sinkage at large negative slip showed unexpected behavior 
during the DEM simulations; the wheel begins to rise after initial sinkage to the point it is 
above the initial soil profile at the end of the simulation.  This behavior suggests edge-
effects in the simulations, similar to those observed during the constant-velocity 
simulations shown in Figure 5.4, and are believed to be a result in part due to the 
modification from 3D to quasi-2D.   
 Figure 5.11 shows mean and standard deviation of drawbar pull, driving torque, 
and wheel sinkage results at all slip ratios for both DEM and S-DEM simulations.  S-
DEM mean values for drawbar pull and driving torque match DEM results well, but show 
near-zero standard deviation due to constant velocity operation.  An exception was the 
simulation at 30% slip where the wheel vertical velocity was too large to be rounded to 
zero, producing large variations in vertical force acting on the wheel and leading to a 
large standard deviation in driving torque.  Wheel sinkage results produced by S-DEM do 
not match DEM results well.  Possible edge effects during DEM simulations may 
contribute to the sinkage error at large negative slip ratios.  The accuracy of the drawbar 
pull and driving torque results suggests that S-DEM is reproducing the wheel-soil 
interaction contact area.  It appears S-DEM is not as accurate at determining soil velocity 
ahead of the wheel (e.g. the soil profile ahead of the wheel is decreasing faster than 












Figure 5.11 Mean and standard deviation results for flat terrain simulations. 
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 Table 5.5 lists the simulation times and clock times at each slip ratio required for 
DEM and S-DEM.  DEM simulations were run for an additional 1.5 seconds (0.5 seconds 
for initialization and 1 second for velocity ramp-up) which was unnecessary for S-DEM.  
The clock time results correspond to an average of 7,893 cpu seconds per simulation 
second for DEM and 3.6 cpu seconds per simulations second for S-DEM.  This 
corresponds to a computation speedup of 2,223 for S-DEM vs. DEM. 
Table 5.5 Steady-state computation times 




clock time  
(8 cores) [sec] 
simulation  
time [sec] 
clock time  
(1 core) [sec] 
-70 22.4 21,480 20.9 74.4 
-50 25.2 24,660 23.7 86.8 
-30 28.9 28,180 27.4 99.4 
-10 34.0 32,940 32.5 117.0 
0 37.3 37,860 35.8 127.6 
10 41.5 40,920 40.0 142.4 
30 52.9 52,020 51.4 180.8 
50 73.6 73,680 72.1 250.5 
70 122.0 123,660 120.5 410.7 
  
Table 5.6 Steady-state computation comparison 
Parameter DEM S-DEM 
computation ratio [-] 7,893 3.6 
cpu time per time step [sec] 0.0174 0.0025 
speedup vs. DEM - 2,223 
  
5.4.2 Rough Terrain Validation 
 Wheel locomotion was simulated on rough terrain to determine how well S-DEM 
matched DEM performance in transient operation.  Rough terrain was modeled as a 
sinusoidal wave with amplitude 9.75 mm and frequency 32.2 cycles per meter.  Example 
106 
 
time series plots of drawbar pull, driving torque, and wheel sinkage at -50% and 50% slip 
ratio are shown in Figure 5.12 for both DEM and S-DEM simulations.   
 
Figure 5.12 Time series plots of rough terrain wheel performance at -50% and 50% slip 
ratio. 
 During S-DEM simulations the wheel no longer remains at near-zero vertical 
velocity, so the rounding technique does not influence the results significantly.  S-DEM 
drawbar pull results show excellent agreement with DEM performance, even in time-
series.  Wheel sinkage, however, does not match DEM results very well.  As a result, 
driving torque values reproduce DEM results on average, but not in time-series.  Edge 
effects again appear to influence DEM simulation results at large negative slip.  At large 
positive slip ratios it can be seen that S-DEM simulations produced significantly less 
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wheel sinkage compared to DEM.  Overall S-DEM was not able to fully capture the soil 
dynamics, however it appears the wheel-soil interaction area was once again similar.  
This further suggests that S-DEM is not as accurate at determining soil velocity ahead of 
the wheel.  Figure 5.13 illustrates the S-DEM sinkage and soil dynamics errors which 
occur away from the wheel.  The wheel-soil interaction surface for S-DEM closely 
matches DEM, and so do the wheel-soil interaction forces.  Figure 5.14 displays example 
DEM and S-DEM rough terrain simulations at completion.  From the figure differences 
in the profile trailing the wheel can be seen between the two simulations. 
 
Figure 5.13 Illustration of sinkage and soil dynamics errors for S-DEM. 
 
 
Figure 5.14 Simulation screenshots of rough terrain wheel locomotion for DEM (above) 
and S-DEM (below). 
 Figure 5.15 shows mean and standard deviation of drawbar pull, driving torque, 
and wheel sinkage results at all slip ratios for both DEM and S-DEM simulations.  S-
DEM matches DEM mean and standard deviation results well for both drawbar pull and 
driving torque.  Again, wheel sinkage results produced by S-DEM do not match DEM 






Figure 5.15 Mean and standard deviation results for rough terrain simulations. 
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 Table 5.7 lists the simulation times and clock times at each slip ratio required for 
DEM and S-DEM.  As was done for smooth terrain, DEM simulations included an initial 
0.5 second initialization and 1.0 second velocity ramp-up.  The clock time results 
correspond to an average of 7,933 cpu seconds per simulation second for DEM and 2.6 
cpu seconds per simulation second for S-DEM.  This corresponds to a computation 
speedup of 3,041 for S-DEM vs. DEM. 
Table 5.7 Rough terrain computation times 




clock time  
(8 cores) [sec] 
simulation  
time [sec] 
clock time  
(1 core) [sec] 
-70 22.4 21,600 20.9 54.1 
-50 25.2 24,720 23.7 63.7 
-30 28.9 27,900 27.4 72.9 
-10 34.0 32,820 32.5 85.5 
0 37.3 38,460 35.8 93.6 
10 41.5 41,040 40.0 104.0 
30 52.9 52,740 51.4 133.1 
50 73.6 74,100 72.1 185.4 
70 122.0 124,260 120.5 305.4 
  
Table 5.8 Rough terrain computation comparison 
Parameter DEM S-DEM 
computation ratio [-] 7,933 2.6 
cpu time per time step [sec] 0.0175 0.0018 
speedup vs. DEM - 3,041 
 
5.5 Conclusions 
 A surrogate discrete element method (S-DEM) was developed using constant-
velocity DEM simulation results and evaluated against constant-slip wheel locomotion 
DEM simulation results.  This work represents one of the first surrogate models 
developed for DEM, and the first time it is applied to terramechanics.  S-DEM requires 
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post-processing of the constant-velocity DEM simulations to generate wheel force and 
soil velocity lookup tables, though implementation is roughly 2,000 to 3,000 times faster 
than DEM while requiring roughly 2.5 to 3.5 times real-time.  This computation speed is 
an order of magnitude faster than the dynamic Bekker implementation described in 4.1.2.  
S-DEM reduced computation costs primarily through the ability to increase time step, 
which was roughly 300 times greater than the time step for DEM simulations.  
Eliminating the need for soil particle collision detection also reduced computation costs.  
S-DEM computation speed can be further improved by converting from MATLAB code to 
C++ (as was used for DEM simulations).  S-DEM is advantageous compared to the 
Bekker method because it models the wheel dynamics and extracts information from 
DEM simulations to reproduce soil dynamics.  S-DEM benefits from the prediction 
accuracy and discrete nature of DEM while significantly reducing computation costs.  
These properties make S-DEM a promising choice for use in vehicle design and control.   
 During validation, S-DEM was able to reproduce drawbar pull and driving torque 
results well, however wheel sinkage was not accurately reproduced.  It appears S-DEM 
and DEM simulations had similar wheel-soil contact areas, but simulation of soil motion 
away from the wheel needs to be improved.  Complicating the analysis and evaluation of 
S-DEM were the edge effects at the minimum and maximum x-axis dimensions that 
occurred during DEM simulations.  It is believed the edge effects are primarily the result 
of the method used to produce quasi-2D simulations.  It is currently unclear how best to 
eliminate this behavior, though possible steps include expanding the y-axis and 
modifying the DEM soil parameters.   
 Another benefit of S-DEM is the lack of tuning required.  The chief parameter 
required for wheel locomotion is the integral gain used to control longitudinal velocity.  
S-DEM can be used to perform multibody dynamics simulations since the lookup tables 
are wheel-mass (wheel normal load) independent.  Given the short computation times of 
S-DEM simulations, this is a significant benefit for vehicle design and control compared 
to DEM.  S-DEM’s primary disadvantage is the computation cost of simulating and post-
processing the constant-velocity simulations, which must be performed for all wheel-soil 
combinations.   
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5.6 Future Work 
 Many research opportunities exist for improving and expanding S-DEM.  The 
current method can be improved by correcting the edge effects encountered, likely as a 
result of the quasi-2D technique.  Additionally, development of a constant-velocity 
simulation technique that allows for zero vertical velocity may eliminate the need to 
round the vertical velocity to zero.  Further improvements to S-DEM should address the 
accuracy of the soil dynamics (and resulting wheel sinkage).  One possibility is to make 
soil velocity dependent upon wheel-soil interaction.  Another possibility is to increase the 
number of independent variables for soil velocity, such as soil profile slope.  Expanding 
S-DEM to 3D interactions would increase the method’s benefit and future applications 
while avoiding the issues encountered as a result of the quasi-2D technique. 
 Beyond the current method, S-DEM can be expanded to model more than just 
wheel locomotion.  S-DEM could be expanded to model the stresses within the soil by 
further post-processing the constant-velocity results.  S-DEM could be modified to model 




Conclusions and Future Work 
6.1 Conclusions 
 This dissertation presented several techniques to improve the computation speed 
and modeling capability of terramechanics methods for small unmanned ground vehicles.  
Computation speed for the Bekker method, a commonly used semi-empirical 
terramechanics model, was improved by developing a lookup table method and a 
quadratic approximation method.  The lookup table method is particularly well suited for 
use in vehicle design, as information such as maximum thrust is stored for a range of 
normal loads.  The quadratic approximation method reduced computation times by three 
orders of magnitude to an average of 77 microseconds, making it possible for use in real 
time applications.  These techniques however do not address the primary limitations of 
the Bekker method: its empirical nature, and its assumption of steady-state operation.   
 The discrete element method (DEM) is a numerical modeling method which 
avoids many of the limitations of the Bekker method, though at the cost of computational 
efficiency.  Initially, experimental data from the literature of wheel locomotion and wheel 
digging results were used to validate DEM.  The DEM results showed good qualitative 
agreement, but lacked numerical accuracy.  DEM simulations of wheel locomotion on 
rough sandy terrain showed that surface roughness can potentially have a significant 
impact on SUGV mobility, influencing thrust production and efficiency.  Later, DEM 
parameters were tuned to match direct shear and pressure-sinkage soil tests.  Simulation 
accuracy was improved through the development of a velocity-dependent rolling friction 
term.  The tuning process showed that DEM can model two important soil behaviors 
using a single set of parameters, even when using entirely spherical particles.  DEM was 
shown to better predict steady-state wheel performance compared to the Bekker method.  
The benefits of DEM come with a high computation cost, such as an average ratio of 68 
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cpu hours per simulation second, limiting the applicability of DEM for vehicle design and 
control. 
 A surrogate DEM model (S-DEM) was developed to maintain the simulation 
capabilities of DEM at a significantly reduced computation cost.  This marks one of the 
first surrogate models developed for DEM, and the first known model developed for 
terramechanics.  S-DEM uses lookup tables for wheel-soil interaction forces and soil 
velocities, eliminating the need for costly soil particle collision detection and allowing 
significant increases in simulation time step.  After post-processing the DEM simulations 
necessary to build the lookup tables, S-DEM was shown to improve computation 
performance by a factor of about 2,500.  The current implementation required roughly 3 
cpu seconds per simulation second, though many of the calculations are readily 
parallelizable.  S-DEM reproduced drawbar pull and driving torque results well, but 
struggled to correctly reproduce wheel sinkage.  S-DEM provides a computationally 
efficient alternative to the Bekker method with many of the simulation capabilities of 
DEM.   
6.2 Future Work 
 This dissertation has investigated and developed several terramechanics methods 
for modeling transient SUGV operation, however there are more aspects to explore.  
Additionally, the surrogate model developed for the discrete element method shows great 
promise that requires further investigation.  The following are several potential directions 
for future study: 
 S-DEM should be further developed to improve soil dynamics accuracy.  The 
technique for modeling wheel-soil interaction forces produced accurate drawbar pull and 
driving torque results, however wheel sinkage results had significant error.  
Modifications to the soil velocity modeling technique are necessary.  Two possible 
sources of error are the decoupling of wheel-soil forces and soil motion, and the limited 
number of independent variables used for the soil velocity tables.  Another possible 
source of error is the constant-velocity simulation procedure which cannot be used to 
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simulate zero vertical velocity, and produces sparse lookup tables that require estimation.  
In addition, S-DEM should be expanded to model 3D interactions.   
 The performance effects of rough terrain on full vehicle operation should be 
explored.  At this point all investigations into the effect of rough terrain were performed 
for single wheels, however vehicle dynamics are known to influence off-road 
performance.  While the Bekker method can be adapted for use in dynamic simulations, it 
is unclear how well the method works when its underlying assumptions are disregarded.  
Roughness should be examined by performing vehicle dynamic simulations coupled with 
S-DEM due to its accuracy and computational efficiency.  Evaluation against S-DEM 
results may determine what modifications to the dynamic Bekker method are necessary.  
Use of S-DEM should also allow for evaluation of the influence of vehicle design 
parameters on vehicle performance. 
 The surrogate model technique should be expanded for use in other DEM areas.  
The techniques used to develop S-DEM can be applied to other common DEM areas, 
such as soil drilling, excavating, and plowing.  While soil velocity was the primary 
concern for wheel locomotion, the surrogate model can easily be adapted to model other 










Bekker Method Notation 
 
Symbol Description Units 
Au Soil parameter characterizing terrain response to 
repetitive loading 
[N/m4] 
a0,1 Soil coefficients for 𝜃𝑚 [-] 
b Wheel width [m] 
b0,1 Soil coefficients for 𝜃𝑟 [-] 
c Soil cohesion [N/m2] 
dij Distance between center of particles i and j [m] 
Fx,y,z Force in x/y/z direction [N] 
F̃x,y,z Force in x/y/z direction using quadratic approx. [N] 
hf Wheel sinkage relative to undisturbed soil [m] 
hg Wheel lug height [m] 
hr Soil rut recovery [m] 
j Shear deformation magnitude [m] 
jt,l Shear deformation in tangential/lateral direction [m] 
K Soil shear deformation parameter [m] 
kc Soil cohesive modulus [N/mn+1] 
kϕ Soil friction modulus [N/mn+2] 
ko Soil parameter characterizing terrain response to 
repetitive loading 
[N/m3] 
Kr Soil ratio of residual shear stress to maximum shear 
stress 
[-] 
Kw Soil shear displacement where the shear stress peaks [m] 
Mx,y,z Moment in x/y/z direction [Nm] 
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Symbol Description Units 
M̃x,y,z Moment in x/y/z direction using quadratic approx. [Nm] 
n Soil sinkage exponent [-] 
r Wheel radius (not including lug height) [m] 
rs Wheel radius including lug height [m] 
s Slip ratio [-] 
vjt,jl,jn Shear rate in tangential/lateral/normal direction [m/s] 
vx,y,z Wheel velocity in x/y/z direction [m/s] 
z Wheel sinkage [m] 
zu Wheel sinkage at unloading [m] 
   
β Slip angle [rad] 
θ Angular position along wheel-soil interface [rad] 
θe Equivalent front-region contact angle for points in the 
rear-region of the wheel-soil interface 
[rad] 
θf Wheel-soil entry angle [rad] 
θfca Wheel-soil entry angle of grouser tip [rad] 
θfm Front medium angle used in quadratic approximation [rad] 
θft Wheel-soil entry angle of concave portion [rad] 
θm Angular position of maximum normal stress [rad] 
θr Wheel-soil exit angle [𝑟𝑎𝑑]  
θrm Rear medium angle used in quadratic approximation [rad] 
µ Area ratio of grouser tip and concave region [-] 
σ Normal stress [N/m2] 
σca Normal stress in concave portion of lugged wheel [N/m2] 
σe Equivalent normal stress for lugged wheel [N/m2] 
σt Normal stress in lug tip portion of lugged wheel [N/m2] 
τ Shear stress magnitude [N/m2] 
τe Equivalent shear stress for lugged wheel [N/m2] 
τt,l Shear stress in tangential/lateral direction [N/m2] 
ϕ Soil internal friction angle [rad] 
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Symbol Description Units 
ω Wheel angular velocity [rad/s] 







Discrete Element Method Notation 
 
Symbol Description Units 
A Contact area of two particles [m2] 
e Coefficient of restitution [-] 
Fcohesion Cohesive forces [N] 
FHertz Hertzian friction forces [N] 
G Shear modulus [Pa] 
Geff Effective shear modulus [Pa] 
Ieff Effective moment of inertia [kg-m2] 
kc Cohesion energy density [J/m
3] 
kn/t Normal/tangential elastic spring constant [N/m2] 
or [N/m] 
kr Rolling elastic spring coefficient [N-m] 
meff Effective mass of two particles [kg] 
Mi/j Mass of particle i/j [kg] 
nij Unit vector connecting the centers of two overlapping 
particles 
[-] 
projtij Projection into the shear plane [-] 
Ri/j Radius of particle i/j [m] 
r Wheel radius (without grousers) [m] 
s Wheel slip ratio [-] 
Trolling Rolling resistance torques [N-m] 
Trk/γ Rolling resistance stiffness/damping torques [N-m] 
vn/t Normal/tangential component of the relative velocity of 




Symbol Description Units 
vx Wheel longitudinal velocity in x-axis [m/s] 
zprofile(x) Soil profile as a function of wheel x-axis position [m] 
xwheel_ctr Position of wheel center in x axis [m] 
Yeff Effective Young’s modulus [Pa] 
Yi/j Young’s modulus of particle i/j [Pa] 
zwheel_ctr Position of wheel center in z axis [m] 
   
β Coefficient used to relate damping ratio to collision time 
of particles 
[-] 
γn/t Normal/tangential viscoelastic damping constant [1/m-s]  
or [N-s/m] 
γr Rolling viscoelastic damping coefficient [N-m/s] 




k Change in rolling resistance stiffness torque  [N-m] 
Δθr Relative rotation vector [rad] 
Δωr Relative angular velocity vector [rad/s] 
Δz Wheel sinkage [m] 
δ Overlap length of two particles [m] 
μc Coulomb static yield coefficient [-] 
μr Rolling resistance coefficient [-] 
μr,eff Effective rolling resistance coefficient [-] 
ν(i,j) Poisson ratio [-] 
ωi/j Angular velocity of particle i/j [rad/s] 
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